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Abstract. We investigate the class of models of a general dependent theory. 
We continue ISh:900l in particular investigating the so called "decomposition 
of types"; our thesis is that what holds for stable theory and for Th((t5, <) 
hold for dependent theories. Another way to say this is: we have to look 
at small enough neighborhood and use reasonably definable types to analyze 
general types; also we presently concentrate on complete types over saturated 
models (and sometimes just quite saturated models). We now mention the 
main results understandable without reading the paper. First, a parallel to the 
"stability spectrum", we consider the "(problem of) recounting of types", that 
is assume A = A^^ is large enough, M a saturated model of T of cardinality 
A, let Saut(A^) be the set of complete types over M up to being conjugate, 
i.e. we identify p, q when some automorphism of M maps p to q. Whereas for 
independent T usually the number is 2^ , for dependent T the number is < A 
moreover it is < |«|'"^' when A = Hq and A is not too small, see §(5B). Second, 
for stable T, recall that a model is re-saturated iff it is N^-saturated and every 
infinite indiscernible set (of elements) of cardinality < re is not C-maximal. We 
prove here an analog in §(7B). Third, if M is saturated and p G S{M) then 
p is the average of an indiscernible sequence of length ||A^|| inside the model, 
see §(6A). Fourth, we prove a (weak) relative of the existence of indiscernibles, 
see §(4A). Lastly, the so-called generic pair conjecture was proved in ISh:900| 
for K measurable, here it is essentially proved, i.e. for re = re^" > |r| +3,^, 
see §(7A). 
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[We count complete types on saturated models up to conjugacy {— being 
automorphic), and ask what is the spectrum under this definition.] 

§(1B) On the outside definable sets and ui{p), pg.l8 

[In particular we define bounded/medium/large directionality; see more in 
§(1C), §(6B). This is continued in Kaplan-Shelah [KpSh:946i .] 

§(1C) Indiscernibility, pg.22 

§(1D) Limit models and the generic pair conjecture, pg.26 

[For stable T there is a neat characterization of K-saturated models. What 
can we say for dependent T? We also present the generic pair conjecture 
and comment on (k, 2)-limit models.] 

2 Decomposition of types, pg.29 

§(2 A) Decompositions - the basics, p. 29 

[We suggest to try to analyze types, i.e. tp((i, M) where M is K-saturated 
and d G via decompositions x £ pK^^ ^,qK^^^ g and relevant so- 

called solutions.] 

§(2B) Smoothness and {jl, d)-sets, pg.37 

[For T dependent some sets A C £y behave like sets A C £y/ , T' stable, 
those are the (smooth) {p.,K)-aets. Now for enough x G pK^^ g, i.e. the 
smoother ones, the set i?+ are such sets; so it is natural that they interest 
us here.] 

§(2C) Measuring non-solvability and reducts, p. 40 

[We define ntr(x) and relatives, a cardinal measuring how badly solvability 
fails. This will help in proving density of tK later.] 

3 Strong Analysis: pg.43 

§(3A) Introducing rK, tK, vK, pg.43 

[We define tK^^p^e, the most desriable decomposition and define rKK,^.0, an 
approximation to it and see what is nice about having few smooth decom- 
positions. We further define uK,vK which are "poor" relatives of qK,tK 
respectively. They are needed as we succeed to prove density for vK es- 
sentially when K > and for tK only in some cases. We give relevant 
definitions and basic facts, in particular about tK^.^.g and review sufficient 
conditions for indiscernibility.] 
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[Why is tK^. fi.e so desirable? First, we prove that for a decomposition x G 
tKK.p,e, the model M[x], i.e. Mx expanded by individual constants for every 
b G -Bx s-nd coding the type of d^ Cx, is a K-sequence homogeneous model. 
We further show it even for x G vK^^p^e; now K-sequence homogeneity 
implies uniqueness, so this points the way to their uses in showing that for 
M G ECk,k(T'), the number of p G S^(M) up to conjugacy is small. 

Second, we give some sufficient conditions for indiscernibility related to 
tK and vK. We shall use some later] 



§(3C) Toward Density of tK, pg.59 

[To help prove the density we give sufficient conditions when the union of 
an increasing sequence of decompositions from rK^^p^e belongs to tK^^^.e 
or to vK.K.,fi,e- For the case k ^ fi2 = ^J■l = Mo is a weakly compact cardinal 
we prove the <i-density of tK^ ^ g in pK^ ^ g.] 

4 Density, pg.64 

§(4A) Partition theorems for dependent T, pg.64 

[Wc prove two polarized partition theorems, showing dependency of T has 
meaningful implications in this direction; they can be looked at as a sub- 
stitute of the existence of theorems of indiscernible sets for stable T.] 

§(4B) Density of tK in ZFC occurs, pg.70 

[Our goal here is to prove the density of tK^j ^.e when k = /i"*", ^ is singular 
strong limit of cofinality > 9 and T is countable; also when k is strongly 
inaccessible. For this we prove that some e universally solves x G qK^ ^ g. 
A crucial point is that instead of using "k weakly compact" (as in §(3C)) 
we use a partition theorem for dependent T from §(4A).] 

5 Stronger Density, pg.80 

§(5A) More density of tK, pg.80 

[We prove the density of tK^.^^.e when fi is as in §(4A) and k < /i^"^, 
see 15.11 so under G.C.H. we can prove a weak version of the recounting 
types: for M G FjCk^k{T) there are < k. For this we use the partition 
theorem from §(4A). Note that under full G.C.H. , this covers all large 
enough (regular) cardinals k but only for ^ close enough to n. So the 
conclusion concerning the recounting of types are weak; still this proves a 
strong distinction between dependent T and independent T.] 

§(5B) Density of vK: Exact recounting of types and vK, pg.88 

[Here we use vK, which was only a burden so far. In the relevant cases 
we prove its density (in pK) and conclude the right number of types up to 
conjugacy (for k — large enough, M G EC^, «(?")).] 
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§ 0. Introduction 

§ 0(A). What is done here. 

This is a step in trying to understand a dependent elementary class Mody • Our 
approach is: 

Thesis 0.1. 1) It is fruitful to prove that questions on (first order complete) T 
and a cardinal does not depend too much on the cardinal, by finding syntactical 
equivalent condition; this suggests it is an interesting dividing line. 

2) We should first analyze saturated models (then quite saturated models and only 
then general models) . 

3) In particular we should first try to understand complete types over saturated 
models, etc. 

More specifically: 

Thesis 0.2. For M e EC^^^{T) we shaU try to analyze p G S^{M) by types of two 
simple kinds: 

Kind A : Av{D, M), D an ultrafilter on for some B C M of cardinality < fj, {fi 
a fix cardinal < ||M||). 

Kind B : Av(I, M) where I = (oq : a < A) an indiscernible sequence (of e-tuples) 
inside M. 

Remark 0.3. For stable T, if M is |T|+-saturated then every p e S(M) is Av(I, M) 
for some indiscernible sequence (so set) I of cardinality Hq, so it falls under both 
kinds. 

Consider a fixed complete first order theory T which is dependent. The problem 
we try to address here is analyzing a complete type over a saturated model, say 
p e S<^^(M) where 9 > \T\. The reader may wonder why not p G S<'^(M)? The 
reason is that anyhow we are driven to consider infinitely many variables. 

Trying to analyze p G S^(M),M G F,Ck.,k,{T), clearly whatever occurs for some 
stable theories may appear, so in the analysis we allow types definable over small 
sets (though presently not stable types, just definable in a weak sense) where any 
fix bound will be O.K. but as it happens "small sets" mean a set of cardinality say 
<X + |T| + . 

Also in dense linear order there are cuts defined say by a sequence of elements 
of length any regular a < k (e.g. p{x) G S(M) say that x induces a cut of M 
whose lower half has cofinality a), we cannot avoid this so we allow types gotten 
as averages of indiscernible sequences of length a. Note that types related to large 
cofinalities are not covered by Kind A, just as in |Sh:877[ §1], where the cuts with 
both cofinalities maximal are fine - there expanding by them preserve saturation. 

An approximation to analyzing p is x G pK^ ^ a characteristic case is k = 
K^" large enough, 6 = \T\ ~ Ho,/^ Huj (actually we use p, but ignore it in the 
introduction). Now, see Definition 12. 2[ such x consist of the model M = Mx, 
which is K-saturated (and in general may have larger cardinality), the sequence 
d = dx realizing a complete type p over M which we are trying to analyze, c = 
(. . . "ci" . . .)igi,(x) an initial segment of the analysis where ^(x) is an ordinal < 6'+ 
or just a linear order of cardinality < 0. This means that for each i G v{x} one of 
the following two cases occurs, letting rx,i = tp(ci,Mx + S{cj : j < i}). 
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In the first case, formally i G Wx\ux, the type r^s does not split over some 
Bx,i e [Mx]'^'^ (or even is finitely satisfiable in it). So this type is in a suitable 
sense definable over some small set as in the stable case, so is the "stable part" 
called "Kind A" above. 

In the second case, formally i e Mx the type rx,i is the average of an indiscernible 
sequence Ix,i = (ax,i,a : a < Ki) where Ki = cf(Ki) S [/x, k). 

In jSh:900) some relatives were used but there fi = k hence i?+ — U{Ix,i : i £ 
""x} U [j{Bx,i ■ i G tix\wx} here corresponds to Sx there, so there the analysis is 
by information of size just smaller than k, whereas here it is by < indiscernible 
sequences of length a regular cardinal + information of bounded size, i.e. < /i a 
major difference. 

How does such x help? For each i € Vx we define when x is active in it is the 
parallel of forking, i.e. of "tp(dx, Afx + S{cj : j < i}) forks over Afx + S{cj : j < i}" , 
this cannot occur 9^ times so there is y above x maximal in this sense; i.e. we 
cannot increase having a "new" activity but not changing M^, c?x, € v^) but 
possibly increasing v^. Moreover, see l2.14r 2') we have further versions, local and/or 
less demanding, but we skip this in the introduction. The class of maximal such 
y's is called qKj^ ^ g, see Definition 12. llf l): for them we can prove: 

(*) if A C My, \ A\ < II then some e £ ^(A/x) solve (x, A) which means that 
tp(dx, Cx + e) h tp(dx, Cx + A) and even uniformly, which is expressed by 
"according to ^5" . 

This is the parallel of: if M is a dense linear form, p £ S(Af),'^ = (Ci,C2) the 
cut of the linear order M which p{x) induces and it has both cofinalitics > fi and 
A C M, \ A\ < jjL then we can choose a G Ci,b G C2 such that (a, 6)m H yl = hence 
{a < X < b) E p and (a < a; < 6) h p{x) \ A. 

All this seems to support: 

Thesis 0.4. 1) The theory of dependent elementary classes is the combination of 
what occurs in stable classes and in the theory of dense linear orders. 
2) We analyze general types by decompositions to three kinds: one are finitely 
satisfiable in a small set (or just does not split over a small set), second are averages 
of indiscernible sequences, third, are like branches of trees (include cuts of a linear 
order) any "bounded" subset are implied by a very small subset. 

But we really gain understanding by the density of tK„^^ 9 C pK^ ^ g for some 
pair (k, fi), (to cover all relevant cases better use vK*^, see §3). That is for d £ 
we can find x £ tK^^^^^e such that d < dx,M = and for every A C M oi 
cardinality < k we can find (c', d') in M realizing the same type as (cx, d^) over M 
and tp((ix, Cx + c' + d') h tp{dx, + A + c'^ + d'), even uniformly and fixing the 
type of Cx ' dx ~ c' ~ d' . In a stronger sense the type of c^ dx over M really combine 
parts definable over a small set and one like a (partial) order. 

Another thesis is (see |Sh:783[ §1]) 

Thesis 0.5. In dependent (elementary) classes the family of outside definable sets 
(Def<Q,(Af), see Definition 1 1.1 91) replace the family of inside definable sets for stable 
classes. 



* * 
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This work may be continued |Sh:F973] and as said above it continues jSh:900] 
though does not depend on it. More specifically, how are |Sh:900j and the present 
work related? 

In both cases decomposition (pK^ ^ ^ here, there) are central and qK',qK 
hereO are parallel to mxK there and also <i,<2 are similar here and there. In 
both cases the model is K-saturated and d^, Cx are of cardinality < 9 (normally 
K > > \T\). But here we use |i?x,i| < M and allow fi <^ k rather than |-Bx,i| < 
and instead use indiscernible sequences Ix,i for some i's. Hence here stands for 
_Bx there, both have cardinality < k, but there is any set, here without loss of 
generality x is smooth so B^ is a so called {jl, 9)-set, essentially < 6 sets each of 
cardinality < n plus < 9 mutually indiscernible sets of (< 6')-tuples. Such sets have 
some affinity to stable £, e.g. |S(S+) I < 2<'^ + |B+ 1 1^1. 

Also tK„_^_6i here is related to strict decompositions in |Sh:900| . But in |Sh:900] 
we get existence assuming only k is a measurable cardinal so quite a large cardinal, 
so cannot prove in ZFC that it exists; whereas here this is proved for every large 
enough regular cardinal provably in ZFC, and the bound is small (at least for my 
taste), ^ui, well +\T\, of course. 

All this is a good point in favor of large cardinals by the criterion (first suggested 
by Godel): we can first prove things assuming them, this helps us to find the way 
to really sort out things. 

§ 0(B). Prom Higher Perspective: The Test. 

What questions do we address here? 

Question 0.6. The serious/dull question 1) Is the equation dependent /stable — 
groups/ Abelian groups true? 

That is, is dependence a better dividing line than stable (among say elementary 
classes), but we have been (and are) just too dim to see it? 

2) The use of cardinals (> Kg) in model theory: has it passed its time OR is it the 
key to dependent classes and will continue to be central. 

Alas, most (relevant) people already know the answers, unfortunately not all of 
them know the same answer. 

In more serious mode, we suggest here to put dependent theories to "end of first 
level examination" . Trying to be objective we ask: do we have a good analog to 
what is in the first paper on stable T, |Sh:l) (and |Sh:12) '). essentially equivalently 
at the time of stability being three years old. 

So here is the test composed of four questions (as presented in a lecture in 
MAMLS, Fall 2008 Meeting in honor of Gregory Cherlin) and a fifth question (as 
urged by the audience): 

Question 0.7. Question/Test Find parallels of (l)-(4) and answer (5) for dependent 
T. 

1) The stablility spectrum Theorem (for stable theory T on a model of cardinality 
A there are < A completer 1-types). 

2) Strong partition theorems, i.e. existence of indiscernibles: for stable T , if Oq, e £ 
for a < A^ are given, A = A'^' then for some unbounded, even stationary subset S 
of A+ the sequence {aa : a G S) is indiscernible. 



^In the context of |Sh:900| , i.e. fiQ = k essentially we get qK' = qK, see[2TT5l3),(5) 
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3) "Understanding" complete types over models and indiscernible sequences (for 
stable T, the finite equivalence relation theorem which was somewhat later). 

4) Characterize saturated models by indiscernible sequences, (for stable T, M is 
K saturated iff it is Hg-saturated and every infinite indiscernible set of cardinality 
< k). 

5) The generic pair conjecture, a major question from |Sh:900j and more generally 
the existence of (A, K)-limit models (k = 2 is the generic pair case). 

We did not mention two problems having been answered earlier: majority on 
indiscernibles (see §(1C)) and definability of types (as we may consider the following 
theorem as an answer: expansion by outside definable sets preserved the theory of 
the model being dependent, by |Sh:783[ §1]). 

We will present the questions in §1 and present solutions to (1),(4) and the first 
part of (5) in §5, §7. Unfortunately we do not solve the original interpretation of 
questions (2), (3) as we hoped, but, not surprisingly, we think we have excellent 
excuses. Now the answer to the parallel of (3) we considered, i.e. "no case of 
high directionality" that is bounding the number of ultrafilters D on M such that 
Av(Z?, AI) = p, has already been known to be false for many years, proved by 
Delon. 

As for the existence of indiscernibles, i.e. I0.7f 2) and actually also (3), sub- 
sequently Kaplan-Shelah [KpSh:946) , proved that the premature assertion in the 
Rutgers lecture is false, this is the negative half of the excuse, i.e. this version 
cannot be proved being false. 

However on the positive side, we believe we have reasonable substitutes, i.e. 
reasonable parallels of parts (2), (3) of 10. 71 for dependent T. 

For part (3): 

ffli if M G EMk,k(T) and p G S(M) then p is the average of an indiscernible 
sequence in M of length k, see l6.2[ (more in §(6A) and the results of §(6B)). 

About the existence of indiscernibles, i.e. part (2) of 10.71 by §6 we have 

ffl2 existence for T with low or medium directionality (introduced in §(1B)). 

Probably this is not convincing: but a true answer for 10. 7f 2) is another relative 
(or you may say a weak version) of the existence of indiscernibles 

ffls a K — cf(K) > Hq and A C L(rT) is finite and aa^n G £ for a < K,n < 
n(*) < uj then we can find stationary ^„ C k for n < n{*) such that: for 
a S J^e, the A-type of {aa„, ■ . ■ ,aa^^,J-l) depends just on the truth 

Kn 

values of Q!^(i) < a^(2) for ^(1),^(2) < n{*). 

This holds bv l4.61 (note that we can apply it for any permutation of {(0, ... , n(*) — 
1}} and the formulation here is simpler because we use the club filter on x, i.e. use 
diagonal intersection of clubs) . Note that for T any completion of Peano arithmetic 
(or any 2-independent T) this holds only for (some) large cardinal. 

There has been work on dependent theories in the previous century, see e.g. in the 
introductions of |Sh:7151 §1], |Sh:7831 §0], |Sh:9001 §0]; there was much activity in 
the first decade of the present century, but in different directions; on indiscernibility 
see §(1C) here. 
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§ 0(C). Basic Definitions. 

We assume basic knowledge in model theory. 

Convention 0.8. 1) £ = £7- is a monster model of the complete first order T. 

2) The vocabulary of T is t^. 

3) L(t) is the set of first order formulas in the vocabulary r. 

Definition 0.9. f) Let I]C\^k {T) be the class of K-saturated models of T of cardi- 
nality A; if K = 1 this means that we omit the K-saturation; we may omit k when 
K = X. 

2) Let Xa = {xat ■ t e Dom(a)} where a G ^£ for some index set / = Dom(a), 
usually / an ordinal. Let X[a] = {xp : jS < a), similarly X[u\ for u a set or linear 
order. Generally we allow infinite sequence of variables but the formulas are finitary 
so only finitely many variables are mentioned. 

2A) Let Xg = (xjjj : t G Dom(a)), etc.; note Xa\u = Xa\u. 

2B) If ?7 e ^Dom(a) then: Xa,ri = {xa^^^^ : s € I) and a,, = {0'ri{s) '■ s £ Dom(?7)); see 
[5221 

2C) Let tgifl) = Dom(a). Note £g{xa) = Dom(a;a) and ig{x[u]) = u. 

3) Let (p{x) be the pair (</?,x), where 

• if is a first order formula (in I^{tt),T the first order theory understood 
from the content 

• X is a sequence without repetition of variables, including all the variables 
occuring in tp freely. 

We normally use f{x, y) as a different object than ip{x y \v) and may stand for 
sucli object, e.g. {'ip^p{y,z) : ip — Lp{x,y) € L(tt)). This is ambiguous in principle 
but clear in practice. See more in Definition II. 2f 4). 

4) We may use ^ + -B instead of ^ U B and At for U{At -.tel}. 

tei 

Observation 0.10. The number of formulas (p{xc,x^) E L(tt) is \T\ + \ig{c)\ + 
\ig{d)\ so > No and maybe > \T\. 

Definition 0.11. I) For M ^ € and B C it l et Mjaj be M expanded by relations 
definable in £ with parameters from B, as in [Sh:783[ §1]. 
2) Similarly M[p(s)] for p{x) € S^(M). 

Convention 0.12. E.g. saying "c*d realizes tp(cx"dx,^)" we may forget to say 
ig{c)^igic^),£g{d)^£g{d^). 

Notation 0.13. I) tp^(J, c + A) for (p = ^pix^i, Xc, y) is {ip{x^^ c, a) : a G ^3{y)j[ ^jyd 
€\= ip[d,c,d]}. 

2) Similarly tp^(d, c + A) where A C {ip : ip — ip{xg, Xc, y) G L(tt)}. 

3) tp±^ means tp^^^^j. 

4) Let r[^] = {ip:ip = (/3(i[^], G L(rT)}; similarly r[^],„ {tp : ip ^ , • • ■ , ^[^^ 

5) Let (Vi G I)i^{t) means: for all but < k members i G / we have t?(t) (but may 
use (V°°n) instead (V^^n G N)i?(n)). Similarly {3'^t G /) means: there are > k 
members t of I such that z?(t). 

Definition 0.14. I) We say that a model M is a K-sequence homogeneous when : if 
/ is a partial one-to-one function from M to M of cardinality < k, i.e. |Dom(/) | < n 
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and / is elementary in M t hen: for every a ^ M for some b Cz M the function 
f — f L) {{a,b)} is elementary in M, where 

lA) We say the function / is elementary in M when: Def(/) C M, Rang(/) and if 
M \= ip[ao, . . .] and ao, . . . G Dom(/) then M ^ (^[/(ao), . . .]. 

2) We say that a model M is strongly K-sequence homogeneous when : if / is as in 
part (1) then / can be extended to an automorphism of M. 

3) We say that a model M is strongly K-saturated when M is K-saturated and 
strongly K-sequence homogeneous. 

Convention 0.15. 1) Generally (i.e. from §2 on if not said otherwise) in this work, 
/ vary on Kun, the class of linear orders which are endless. 
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§ 1. Presenting questions, definitions and facts 

We here recall and make some definitions and questions related to the family of 
dependent theories and say some easy things to clarify, mostly those questions are 
dealt with later in this work. 

§ 1(A). Recounting types. 

We define the new version of the number of types, i.e. up to automorphisms, 
considering saturated model and generalizations. We then have a "first look at 
them". First, about the function /|;"*, counting the types up to automorphisms, 
see Definition ll.il 

ffl (a) if T is stable, the function /|;"' (A) is constant, < 2l-'"l , if T is countable 
the constant value belongs to {2,3, . . .} U {Ho,2^o}, see[Oll).(2) 

(6) in (a), for countable T every one of the values occurs even for 
superstable T, see 11.21 

(c) in (a), if T is Ho-stable then except 2^" every one of the values occurs 

if T is independent then = 2^ when (3/i)(A = A<^ = 

2^ > |r|), seeO 

(/3) if T is independent, A = A^'^ > |T| but not as in (a) then 
stih /|;"'(^) > A 

(e) if T is dependent and unstable then > |C + 1|, see[L3l^4),(5). 

This explains that the problem is about dependent (unstable) T. Note that the 
case of independent T and strongly inaccessible A > |T| is not resolved here, see on 
it |Sh:F1124] . 

The rest of this subsection is devoted to looking at relatives of /^"' motivated 
by a desire not to use instances of G.C.H. 

Definition 1.1. 1) Let C := {A : A = A<^} and C>^ = C(> /.t) be C\/i+. 

2) For T a complete first order theory and > 1 we define the function : C 

Card by /|"e*(A) = \<5l^^{Mx)\ for Mx G ECa,a(T), i.e. a saturated model of T of 
cardinality A, where 

3) 6Lt(A^) = (S'(Af)/ =aut) where =aut or mor(3 fully is the following 
equivalence relation: p, g G S^(M) are =aut- equivalent iff they are conjugate, i.e. 
there is an automorphism of AI mapping p to q. 

4) If we omit 6 we mean = 1, if wc write "< Hq" we mean "for any finite n > 0". 

Example 1.2. 1) Assume T ~ Th(Q, <), the theory of dense linear orders with 
neither first nor last element. Then /|;"*(Ho) is equal to 6, yes, six. 

2) If T = Th(C), or T is the theory of some algbraically closed field of characteristic 
p,p prime or zero, then /|;"*(A) = Ho, for A > Nq. 

3) In part (1), in general, /|"*(^«) = 6 + 2\a\ for H„ e C. 

4) Let r = {Pi : i < a\^Pi a. unary predicate and T says that each Pi is infinite 
and T says that each Pi is infinite, they are pairwise disjoint, and if a is finite 



^We can define also when G S*(M£) are equivalent = conjugate for £ = 1, 2 as in |Sh:E46| 
which deal in a non-first order but for a stable context. 
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then {x : /\ ^Pi{x)} is infinite. Then T is stable (even totally transcendental so 

Ho-stable if a is countable) and = 2(|a + 1|) for A > Ho + If a is finite 

> and P < a and above we demand Pi is a singleton when £ < /3, infinite when 
e>/3 then we get = 2|a - P\ + \f3\ + 2. 

5) Let T = Th(M) where M = ("2,P*0n«^ and P,f {77 e "2 : 77(71) = 1} for 
neN. Then T is countable superstable and /^"*(A) = 2^« for A > 2^". 

6) Let T = Th{'^uj,En)n<uj where En = {(r/,J^) : ?/, e and r]\n = iy\n}. So T 
is countable, stable not superstable and /|;"*(A) = 2, /|^"2(''^) = ^0 for every A. 

Observation 1.3. 1) If T is stable, then /|^"'(A) is constant and is < 2l^l for 
every A £ C^jT^i (or just T has a saturated model of cardinality A, e.g. A — A'"^'J. 
Similarly /|^"g(A) < 21-^'+^ btic? is constant. 

2) IfT is countable and stable and e.g. A ~ A^" then /|^"*(A), is countable so < Ho 
or is constantly 2^° . 

3) IfT IS ^o-stable then /|;"'(A) < Hq. 

4.) IfT is unstable and is dependent, then /|;"'(H^) > |C + 1| for H^ G C which is 
>\T\. 

5) IfT is independent, A > |r| is inaccessible then /|^"*(A) > A. 

Proof. 1) Assume M is saturated of cardinality > |r| or just a strongly |T|+- 
sequence homogeneous (see Definition I0.14p . Every p € S™(Ma) is definable, in 
fact there is a sequence (■!/'^(y, z^) : tp — ip{x,y) S ^{tt)) so a: = x^rn] such that 
for every p G S™(M) there is a sequence (? := (c^, : ip = ip{x,y) G L(tt)), of 
sequences from M such that ig{c^) = ig{Zip) and p{x,b) £ p iff 6 G ^3{v}]\,f and 
M ^ ip^\b,c^], see }Sh:a| Ch.II]. Now the number of complete types of sequences 
of the form {c^ : ip = ip{x,y) G L(tt)) in M with c^, G ^s(*»')M is < 2l^l. But 
M is strongly |T|+-sequence homogeneous, see Definition I0.14r 3'). so this piece of 
information suffices, that is, if G S™(M) and tp(cP,0, M) = tp(c'?,0, M) then 
there is an automorphism / of M which maps cf to c"^ hence / maps p to g. Of 
course, this works for S^ut(Af) too, only the bound is 21^1+1^1, so for C > |r| we 
get even equality. 

2) As in part (1), but this constant value is the number of equivalence class of some 
Borel relation hence by a theorem of Silver is < Hq or is 2^", see e.g. |HrSh:152] . 
}Sh:202) . 

3) By the proof of part (1) and the definition of being Ho-stable. 

4) Recall T has the strict order property (by |Sh:cl Ch.II]) hence some formula 
fi^^yn) has the strict order property. We fix such ip; and any M G ECn^^n^(T) for 
any regular k < H^ we can find an indiscernible sequence = {{bi.i^a)'^o,K^a : a < k) 
in M such that: 

(*) (a) £ f= /?,««:, q] iff a < /3 

(6) (/3(x,aK,a) I- <p(a;, a^t^/s) if a < /?. 

Let = Av((6K_ct : ct < k),M), so it is enough to prove that for regular ki ^ K2, 
the types Pk,i,Pk2 are not conjugate;p (without loss of generality ki < k). For 
this it is enough to prove p^^ ^ p^.^ (as the assumptions in the choice of Ik,Pk are 
preserved by automorphisms of M\ Toward contradiction assume p^i — P = Pk2 
and without loss of generality ki < H2. For £ = 1,2 we have a < (V*^/? < 

ne.)'p{bfii,p,a^^^a) => p{x,af,^^a) G p ^ (V-^-'^/? < Kz-i)p{b^^_^^p,at^i,^a) so applying 
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this to 3 — ^ we have a < ks-^ ^ ,(9, aK^_„.„)]- So necessarily there 

are an unbounded u C k2 and a* < ni such that a* <a<KA/3eM=^Af|= 
(/?[5k2,;3, Oki.q]. Renaming, without loss of generality a* = 0,m = K2- 

First, assume K2 < H^. Let q{y) = {-■(/7(6ki,i, : i < Ki}U{(p{b:^^j,y) : j < K2}. 
If a e ^s^y'lM reahzes q{y) we get -^ip{x, d) e p^i A (p{x, d) £ ^^21 contradiction. 

But if r C q(y) is finite and = sup{i : 6^1,1 appear in r} then aKi,i,+i realizes 
r so is a type in Af but we are assuming \q\ = K2 < and M is saturated so 
q is realized in M, contradiction. 

Second, assume K2 = ^ci could have chosen using a linear order / = 
I2 + I2, isomorphic to (k2 + K2) such that = {sa ■ a < k,},!^ = {ta : a < k} 
and a < (3 < K2 ^ Sa <i <j tfj <j ta- 

We choose (6s, : s G /) in M such that M ^ (p[bt,ds] if s </ t. Also without 
loss of generality for every A C M of cardinality < H,^ for some a < H.^ the set 
{bs'ds : s G {sp,tp} : (3 G (a, H^)) is indiscernible over A. 

Lastly, without loss of generality /S < K2 ^ bs^^ = ^u^,^ so Pk,2W = {''Pix,c) : 
c C M and M \= iplbg^^c] for every a < K2 large enough}. Now for any a < K2 
we have [(p{x,ds^) A -iip{x,dt^)) £ hence for some 7(a) = 7a < we have 
^ H '/'[^ki,7(q): Ssq] a ~"y3[6Ki,7(Q), Ota] somc 7 < Ki the set u — {/S < K2 : 

liP) = 7} is unbounded in K2 — ^q. So choose above A = {6^1,7} and get a 
contradiction. 

5) See more in |Sh:F1124) . still we state [Til below. qj^] 

Observation 1.4. Assume T is independent, then : 
/I"' (A) = 2^ for\ = 2^^ S C^\t\ 

Proof. Because there are Mq € ECA.i(r) such that A C Mq, l^j = n such that 
^ ^ {p E S{M) : p finitely satisfiable in A} has cardinality 2^, but ^q= {p € ^,p 
conjugate to q} has cardinality < = A for each q £ '-[lII 



Dealing with saturated models, for unstable T, force us to have the suitable 
cardinality with (k — k^")! so our restriction to such cardinals is natural, that is 
recall 

Claim 1.5. If M 6 EC^, tc{T) but T is unstable and k > then k — k^"^. 



Proof By pixl Ch.III]. qX3] 

Conjecture 1.6. 1) If T is dependent, then /|;"'(Na) < [ap"^' for K„ e C. 
2) If T is dependent unstable, then for some k+(T) < |r|+ we have fri^a) — 
Q,|<«; (1^1) when G C is large enough (see |Sh:c[ Ch.III] on number of indepen- 
dent orders). 

Discussion 1.7. 1) During a try to improve |Sh:900] . raising this Conjecture 
changes my outlook and leads to this work. 

2) We may like to eliminate the use of G.C.H. or weak relatives, though [T75] show 
this is not straight. We may consider the following relatives, ) and f™^{—), 

those are not further dealt with in this work, i.e. after §(1A). 

Definition 1.8. 1) For A > |r| let Z^'^* (A) = min{^; for every M -< £ of cardinality 
A there is £ of cardinality A extending M such that |©aut(A^)| < m}- 
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2) Let /^™(A) = min{^: for every Af ^ £ of cardinality A there is iV -< £ of 
cardinality A extending M and function g : S(Af) — !• S(A^) such that p G S(Af) => 
<?(p) rAf = p and |{g(p)/ =^"': p G S(M)}| < ^}; so fr^{T) < /™t(A). 

3) Omitting 6 means 9 — 1, writing "< 0" means we use S^^(— ). 

Discussion 1.9. Let us consider T — Toid '■— Th(Q, <), we concentrate on /™*(A), 
the case fx^*'{T) can be analyzed similarly. For any A letting G^"^ = {k : k = 
cf(K) < A and A<''>'-^ > A}, see Definition 11.111 below, so for some M G ECA,i(r) 
for each k G 0^' it has a set k of > A cuts of cofinality (k, k). Now if we consider 
N,M ^ N e ECa,i(T), some of these wih not be filled, hence /t(A) > |e'/|. 

Concerning the size of 8^'' note that by Easton forcing (using a not necessarily 
increasing function / from RCard to Car), if ^ = min{/i : 2'^ > A} then O^'' n [n, A) 
is quite arbitrary. However, by pcf theorems 8^"^ n /i is quite small, see |Sh:460) . 
[Sh:829j and maybe even is provably always finite. 

Given M G ECa,i(T) there is TV G ECA,i(r) extending it which is strongly Kq- 
saturated (equivalently, 2-transitive), filling as many cuts as we can. Now all the 
cuts of N of cofinality (Ho, Hq) are conjugate; also the types corresponding to cuts 

with cofinality (n^, k^) such that ^ V ^ 85^''\{Ho} are easy to 

handle; because their number is < A, |Sh:al Ch.VIII,§0] and we fill the cut 'rf by 
J<^ such that J'^ has both cofinalities Kq as well as treating increasing sequences 
leading to the cuts from both sides; in fact we can choose TV such that this occurs 
to any cut of AI filled by some member of N\M. 

But when ^ 8a call it K<g and it G 8a'^\{Ko} it is not immediately 

clear whether all such cuts can be treated to ensure uniqueness up to conjugacy. 

Let {{a<g^i,b<g^i) : i < k^) be a decreasing sequence of intervals converging to the 
cut ^; now the isomorphism type of can be handled when : 

Hm the following set contains a club of k<^, {i < H'^: the cut of M with lower 
half {a : y a <m a<^,j} is filled in N and the cut of M with upper half 

j<i 

{b : V bv,j < b} is filled in iV}. 

Now as classically known we can find a tree of cardinality A with < A levels and 
< A nodes, with nodes intervals of / and cuts correspond to branches. So clearly we 
can ensure Hm and this is clearly enough. So we can understand /™*(T) for T = 
Th(Q, <). We may formalize [TJl as a claim. (Note that computing fr^g lx), /tm^W 
for 6* > 1 is easy from the case 9 = 1. We use a{*) > oj below to simplify. 

Claim 1.10. Let T — Toid '■— Th(Q, <). For any cardinal A = '^a(*) ^ "^uj 'we have 
/™t(A) = |a(*)|,/^*'(A) = |8| + 1 = |0| where 8 = 8*/ ■={9:9 = d{9) < A and 
X<e>tr > below. 

Definition 1.11. A<''>" = sup{| lime(,5^)| : ,3^ C ''>A is closed under initial 
segments and has cardinality < A} where linie(<f7) = {rj E ^ X : r]\i 3^ for every 
i < 9}. 

Proof. Let M G ECA,i(r) be given, without loss of generality M is such that: 

(*) for every 9 G Reg n A+, in M 

(a) there is an increasing sequence (a^ ^ : a < 9) 

(6) there is an decreasing sequence {ag ^ : a < 9) 
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(c) if e 8 there is a tree ,% C exemplifying A^^^*' > A and members 
{he,r„ C0,n : r] e .%) such that < ry € ^ be,u <m be,n <m ce^r, <m 
ce,v and [?7^(a), ry"(/3) e < /3 C0,^-(„) <m &e,r;-(/3>]- 

Assume M -< N € ECx,i{T) and let be such that N ^ N+ and N+ is A+- 
saturated. For £ < 4 choose e be such that: do S M, (Va € A^)((ii < o < 
d2), (Va G Ar)(a < do ^ a < ^3 < do), (Va € A'')(do < a ^ do < d4 < a). For 
6' G 6, let ry = 770 S lim0(^) and = [be.rjii < x < bg_ri\i : i < 0} be such that pe 
is omitted by N, exists by cardinality consideration; and so pe has unique extension 
pj in S(A'') and let eg G N+ realize it. For 6 G Reg n A+ let e} G N+ be such 

that a < ^ aj „ < ej, and (Va G Ar)( /\ a^_„ < a < a). Let G A''+ be 

a<e 

such that a < ^ < a^ ^ and (Va G Ai')[ /\ < a^ ^ -)■ a < e^]. (So the most 

"economical" way is to have ^ = 66i,,,fQ, a^ ^ = ce^jjffj and = = e^, ^ G 6 
eg — gg. 

Now we prove the four needed inequalities 

ffli /|**(A) > |e| + 1. 

Why? It suffices to prove that for any f : S(M) S{N) such that p e S(M) 
{f{p))\M = p we have |{f(p)/ =aut: P G S(M)}| > |e| + 1. The types po = 
tp(do,A^) and pg = tp(eg,M) for ^ G © have unique extensions in S(A'') and 
clearly i (po) , f (pe) , 9 G 6 are pairwise non-conjugate. 

ffl2 fr'W > |RegnA+| + 5. 

Why? It suffices to prove that S(iV)/ =aut has cardinality > |Reg n A+l + 5. 
Now the types tp(do, iV), tp(di, iV), tp(d2, iV), tp(d3, A''), tp(d4, N) and tp(eg, iV) for 
6 G Reg n A+ are pairwise non- conjugate. 

ffls /r*(A) < |e| + 1. 

Why? It suffices to show that we can choose a model such that M ^ G 
ECa,i(T) and a function f : S(M) ^ S(7V*) such that p G S(M) ^ f{p)\M = p 
and {f(p)/ =aut: P G S(M)} has cardinality < |6| + 1. Note that a := min(O) is 
equal to min{9 : A^ > A}. Now choose such that 

(*) (a) AT^iv^ eECAa(T) 

(6) if d G £\M and (0" 9+ J (cf{a GM:a<d}, <m), 
cf({o G M :dGa},>M)) ^ {{0,9) : 9 G Q} then 
the type tp(d, M) is realized in A^* 

(c) N^, is (T-saturated 

(c) + moreover A"* is strongly cr-saturated (i.e. every partial 

automorphism of cardinality < a can be extended to an 
automorphism) 

(d) ^ C -^>2 is a tree with < A nodes (and < A levels) and a = (a,,: 

r] G ^) list the members of M with no repetitions such that 
for ry G ^ we have a < p < ig{r}) => {ar,\a < an = 
ttnia < aniff) and a < ig{r]) (a^f^ < Ur, = r]{a) = 1) 
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(e) if ?7 e 5^ then for some e°, G N^\M we have {a e M : a < e"} = 
{a G A/ : (3q; < ig{ri)[ri{a) = 1 A a < £g{ri), a < Ojjfa]} 
and {a £ M : el < a} = {a e M : {3a < eg{r])[r]{a) 
Aa,,fQ < a]} 

(/) if ?7£ £ J^jSi — £g{r]i) is a hmit ordinal, 61 — sup{a < S : rj^a) — 1} 
for £ — 1,2 and cf{Si) = cf(i52) then there is an automorphism 
(7 of £ mapping A*"* onto , e^^ to e^^ ^^'^ hence mapping 
{a G M : {3a < So){r]i{a) — 1 Aa < a^fa)} onto 
{a E M : {3a < (52), 772(0;) = 1 A a < a,j2\a)}- 

Why is this possible: for (c) as A = A^'^, for (6) as {tp(d, M) : d e € and O^j ^ 
^Md infinite} has < A members by |Sh:cl Ch.VIII,§0] and {tp(c?, Af) : c? G £ 
and Kq < 6*^^ ^ = 6'^'^ ^ ^ 8} has < A members by the definition of 8 (and the well 
known old equivalence of trees and number of cuts); lastly {tp(d, Af) : d € C and 
^Md ^ 1} or rf ^ 1} has < A members trivially. Also clauses (d),(e),(f) 
are straight. 

Now we define f, so let p G S(Af). First, if some d = dp £ N^, realize p, then 
let f(p) = tp(dp,iV*) so by clause (c)+ clearly i{p),po = tp(do,^*) are conjugate. 
Second, if p G S(Af) is not realized in A^* then by clauses (d),(e),(f) there are 
6* G 8 and <7v-incrcasing (c?~j : i < 6) and <M-decreasing {d^j^ : i < 6} such that 

j < AT j for i < 6* and p include p' — {d^ ^ < x < d^ ^ : i < 6} which omits 
hence p has unique extension f(p) in S(Af*), but for each limit 5 < 9 the types 
< X < a : i < 6 and a £ M and j < 5 =j> dp ^ < a}, {a < a; < ^ : i < (5, a G 
Af and j < (5 ^ a < d^j} are reahzed by clauses (d),(e). Now easily f (p), tp(eg, N) 
are conjugate by some g G aut(Af) such that g{b0^i) = d~^,g{c0^i) = d^^, because 
we can choose it in each relevant convex set by clause (c)+. 

ffl4 /r*(A) < |a(*) + 6|. 

It is simpler when «(*) > cj and the proof is similar to the proof of ffla but use 
^-increasing continuous {N* : e < cr), Nq — N, etc. '-tlTTUl 

Question 1.12. 1) For T countable, dependent and unstable, is /™*(T) essentially 

equal to J^^q <)(^)'^ least can we understand it (and /^'**(A))? 

2) What can we say on f^^*{\), fT^*'{X) for independent T7, see below. 

Discussion 1.13. 1) Concerning Part (2) of 11.121 it is easy to note: if T is inde- 
pendent and |T| < ^ < A < 2'^ < 2^ and d{[2^']\Q_>2^' hold, e.g . if cf(2^) < /x, 
then f^^^^X) = 2^; see more in Kojman-Shelah |KjSh:409| , |Sh:E461 4.7] 



2) For independent T the situation concerning fj^g{—) is very different than for 
/T"e(-)- Why? By the following. 

Claim 1.14. 1) If X = X^^ > 9 + \T\ + and T is a complete first order theory, 
then /jy(A) < 2^ 

2) Moreover for every M G ECA.i(r) there is an elementary extension Af+ G 
ECa,i(T) such that 

(*)mi,M2 if P ^ S^(A'/) then for some q = Qp E S^(A'/+) extending p the model A/j^j 
is saturated, see Definition lO.lll 
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Proof. 1) By (2). 

2) Let N be such that M <N and every p G S^(M) is reahzed by Rp e ^N. 

For a < A let be a regular ultrafilter on = |a| + Hq. Now we choose 
{Na, Ma) by induction on a < A such that 

(a) {Nfj,Mfj) is elementarily equivalent to [N^M) (where [Np^Mj^) is the 
(tt U {P})-model expanding Np by pC^e'^'i^) = |M^|, so P a new unary 
predicate) 

(6) (iVo,Mo) = (7V,M) 

(c) the sequence {{Np.Mp) : (3 < a) is ^-increasing continuous 

[d) if a = P+1 then there is an isomorphism from (iV^, M^) onto {Np, Mp)^i^ /Dp 
extending the canonical embedding jp from(iV^, Alp) into {Np, Mp)^f' /Dp, 
i.e. for a G Np,]p{a) — fa,p/Dp where fa,p ■ Xp — !• Np is constantly a. 

There is no problem to carry the definition and := Mx is as required. That is, 
we can prove by induction on a that ||Mq|| = A: if a = by clause (b) if a = /3 + 1 
as A < X^f /Da < A'^f'l < A^'^ = A and for a limit by the induction hypothesis. 
Also, as Dp is a regular ultrafilter, clearly M\ is saturated hence M\ £ ECx.xiT). 
Similarly {N\,M\) is A-saturated hence if a G '^^(A^a) then {M\)[a] is saturated. 
We choose M+ = Mx so indeed M ^ M+ e ECx,x(T). 

Now for everyp G S^(M) recall that Rp G C ^{Nx) realizes p, so let qp{x[a]) — 
tp(ap. Ma), so we are done. Il j^ J4| 

Claim 1.15. 1) Assume T is a complete first order theory and A is strong limit 
singular of cofinality k, X > 0, X > \T\ + Hq. Then /^7(A) < 2^ 
2) Like \l.l~^ 2) replacing "saturated" by "special", see [CK73j . 

Proof. 1) By part (2). 

2) Similar to the proof of I1.14( but we elaborate. Now the definition of "special" 
says that there is M — (M* : i < k) which is a -(-increasing continuous sequence 
of models (of T) with union M such that Ali+i is ||A/i||+-saturated and i < k ^ 
||M*|| < A. Let {Xi : i < k) be an increasing sequence of regular cardinals with 
limit A. We choose N,_{ap : p G S''(Af)) and {Da : a < A) as in the proof of II. 141 
We now choose {Na,Ma) by induction on a < A such that: 

ffl {a){a) Ma — {Ma,i : i < k) is ^-increasing continuous 

(/3) {Na,Ma,i) is elementarily equivalent to {N,M*) for i < k 
such that Ai > a so Ma^i -< Na 
{b){a) No^N 

(/3) Mo,r = M* for i < K 
(7) Afo,K = A/ 

(c) {{Np, Alp^i) : /3 < a) is -(-increasing continuous 

(d) ii a = (3 + 1 then 

(a) there is an isomorphism from Na onto N^p^ / Dp extending 
the canonical embedding of A^ into Np'^ /Dp 

(/3) ii P < Xi then maps Ma,i onto M^^jDp 
(7) if /3 > then A/„,, = Mp^,. 
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In the end {M\-,\^ : i < k) witness that A/+ := U{Ma..Ai : i < A} is special; 
moreover, if a G then :— tp(ap, N\) is as promised. '-[1715] 

If you do not hke the use of instances of GCH, i.e. k = k^**, but like to stick to 
essentially the same property, we can reformulate it. 

Definition 1.16. Let /^"g'*(A), for A regular be the minimal such that for any 
A-saturated M -< £, e.g. of cardinality 2^'*' we can find a subset P of S^(M) of 
cardinality < /i satisfying that: 

(*) for any pi{x[gj) e S^(Af) there is P2{x[g]) G P such that letting ai = {ai,i : 
i < 6) realizes pg{x[g]) in € for ^ = 1, 2 we have 
in the E.F. (i.e. Ehrenfeucht-Fraisse) game of length A for the pair 
{M[ai], M[a2]) the ISO player has a winning strategy. 

Discussion 1.17. Concerning fx^g'*{^)- 

1) The positive result, i.e. upper bound for dependent T (see end of §4) still holds 
as well as the negative ones. 

2) The negative results for independent T holds. 

3) The question is closed to the one on "what occurs in V'^'^^^^^''*^) for some x" . 

Question 1.18. Generalize to any dependent T the theorem: a linear order of car- 
dinality A has < A cuts of different lower cofinality and upper cofinality. 

§ 1(B). On the outside definable sets and uf(p). 

Definition 1.19. 1) Let Def^(M) = {(p{M,c) : ip{x,y) G A,^g(5) = a and 
c G and DefQ(M) — DefL(^^j(M) where see below; of course instead £ we 

can use any ||M|| "'"-saturated elementary extension of M . 

2) ip{M, c) = {b:b€ ^a'^^) M and £ [= (^[6, c]} where tp = Lp{x, y). 

2A) We say I C "M is outside definable when it belongs to G Defa{M). 

3) If p{x) G S"(M) let ui{p) = {D : D an ultrafilter on the Boolean Algebra 
DefQ,(M) containing {ip{M,a) : (p{x,a) G p}}. 

3A) If p G S"(M) and A C {(p{xa,y) ■ y G {y[„] : n < uj},(p e L(rT)} then let 
ufA(p) = {Dn Def^(M) : D G uf(p)}. If A = {if} we may write ip. 

4) We say p has super multiplicity 1 when |uf(p)| = 1. 

5) If q{x, y) = tp(a"6, M) and p(i) — tp(a, M) then tt = T^p(x).q^x,y) is the function 
from uf{q) onto uf(p), we call it the projection, such that if D G vLi{q) and AI C 
A C £ and a'"6' realizes Av{D,A) then a' realizes Ay{-k{D),A), see ll.20f L) below. 

6) We say I = (at : i G /) is an indiscernible sequence based on p G S"(Af) when 
(/ is a linear order and) I is based on some D G uf(p) which means that: for each 
t G I,tp{at,ML>{as : s satisfies t <i s}UM) is Av{D, {dg : s satisfies t </ s}UM). 
Similarly for p G S™{A) which is finitely satisfiable in M and I is based on {D, A). 

7) Assume p G S°'{M) and D G uf(j)), let Dom(Z?) = |M|, (we can replace it by 
an set). We say d realizes tp(D, A) when there is (a„ : n < w), as in part (6), 
i.e. such that a„ realizes Av(D, {a^ : i G {n,uj)} U aU Dom(Z3)) for n < a; and 
(a) " {dn : n < is an indiscernible sequence over A. 

8) Above we say "realizes tp^{D, A)" , when in the end (a) "(an : n < w) is de- 
manded only to be an A-indiscernible over A. 
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9) For D as above let \{D) — minjcr: for some A C Doni(D) of cardinality ct, no 
a 6 T(Dom(i:))) realizes {A,D)}. 

10) Aa(£') is defined similarly restricting ourselves to A. 

11) \ioc{D) = sup{Aa(£') : A C L(tt) finite}. 

Claim 1.20. 1) For M,a,b,p{x),q{x,y) as in Definition \1.19\f 5). the function 
T^p(x),q{x,y)) ■ uf(g) — > uf (p) is Well defined. 
2) Moreover it is onto. 

Proof. 1) Should be clear. 

2) So assume Di e ui(p{x)). It suffices to prove that 

(*) the family U ^2 can be extended to an ultrafilter on "M where 

(a) ^1 := {X[: for some Xi e D wc have X[ = {a'^b' : a' G ^f(*)M,6' e 
^^(^'^M and a' G Xi}} and 

(&) {{a''6' : a' G ^f(*)M,6' G ^f^'M and M h= (y5[a', 6', c]} : £ h 

ip[a, b, c] and c C A/, = (^9(0;, y, z) G L(tt)}. 

As each of the two families in the union is closed under (finite) intersection, it 
suffices to prove: 

assume ip = ip{x, zi), ci G and Xi := (p{M, ci) G Di define X[ G ^1 

as in (*)(a) and V = "0(2;, y, ^2), C2 G g^gj^ ^j^^t £ ^ ^^[5,6, c], 

defines X2 G ^2 as in (*)(&) then we can find a',b' in M such that £ ^ 
((5[a',ci] A'ip[a',b',C2]. 

To prove note that the set Yi := {a' G : M ^ (3y)V'(a', y, C2)} belongs to 

Di because Di G uf(p),p = tp(a, M) and € \= {3y)'tp[a, y, C2]. Hence XiCiYi G fi 
and choose a' eXiCiYi. As a' G Yi there is 6' G ^9{v)m such that M |= ■0 [a' , , C2] 
and as a' G Xi we have M ^ (^[a',C2]. Together a''b' is as required in 0. Il jj^ 20I 

Claim 1.21. We assume (needed really just in parts (0),(2),(4), that T is depen- 
dent. 

0) If 1 is an infinite indiscernible set, then I sits stably, see \1.36Y 2). (so every 
p G S<'^(UI) is definable). 

1) If D £ ui{p(^x)),p{x) G S°'{M) and I is a linear order then there is an indis- 
cernible sequence {at : t € I) over M based on D, see Definition ] 1 . 19Y 6) . We can 
replace M by a set A. 

2) In part (1) if li — (af : t G I) is an indiscernible sequence based on D,I is a 
linear order with no first element and realizes Av{D, Uja^ : s satisfies t <i s 
and k = 1,2}) then I|,l2, i.e. Ii,l2 inverted are equivalent, see M.SbV S). 

3) In Definition ] 1.19\f 7}. it is equivalent "for every infinite linear order I there is 
an indiscernible sequence {at ■ t € I) over M based on D ". 

4) Assume Dg G uf-y(Af) and (a^ : n < w) is an indiscernible sequence based on 
Di, see Defimtion[tjB(6) for 1=1,2, then Di = D2 iff tp{{a}^ : n < oj),M) = 
tp{{al:n<u;),M). 

4-A ) Assume for transparency 7 < w and A C L,{tt) is finite. Then for some tia < 
uj for every Di,D2, M, as in part (4) we have: Di n Def^(Af) = H Def^(A/) 
iff tPA((ar\ : " < nA),M) = tp^{{dl : n < nA),M). 

5) If ( < 9^ , M is saturated, ci{n) > 2^ and p G S^(A'/) then for some u, A* we 
have (we write u = u„(p)); 
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(a) u is a non-empty subset ofvd{p), see M.lW S) 

(b) if D <E u and A C AI has cardinality < k then some a € '^M realizes 
tv{D,A) 

(c) A* C M and \ A^ \ < k, 

(d) if a ^ realizes p\A then for some D ^ u,a realizes tp{D, A^,), see 
Definition\rW(8) 

(e) if D E ui{p)\u, then no a E realizes tp(£', A). 

Proof. Parts (0),(2),(4),(4A) and (5) by |Sh:715) . the others are obvious. 

Observation 1.22. Assume p G S''{M) and |r|+7 < 0^ ■ If v£{p) has cardinality 
> 2^ then for some (p = (p{x^,y), also ufi^(s^,y) (p) has cardinality > 2®. In fact 
\ni{p)\ < n{uf{^}(p) : If = ip{x[^]) G L(tt)}. 

Proof. Obvious. Il jj^ 22l 

Recah question |Sh:715| 6.1]. 

Definition 1.23. 1) T has bounded directionality when: if p £ S"(M), then the 
set ni{p) = {D : D an uhrafiher on Def"(M) such that Av(D,"M) = p} has 
cardinality < 2l^l+l"l. 

IA) We define "finite directionality" similarly when we consider only p G S^"(Af). 

IB) We define "unary directionality" similarly when we consider only p G S(M). 

2) We say T has medium directionality when for every p G S"(M), the set uf(p) 
has cardinality < ||Af but T does not have bounded directionality. 

3) We say that T has large directionality when it neither has bounded directionality 
nor medium directionality. 

Claim 1.24. 1) T has bounded directionality iff ufA(p) is finite whenever p G 
S^M),A C is finite iff for some A > |T| wtThave M G ECx.i{T) A A C L(rT) 
finite Ap G S<"(M) |ufA(p)| < A. 

2) If T has medium directionality iff for every A > |r| we have A = sup{|ufA(p)| : 
p G S<"(M) and M G ECa,i(T) A C L(tt) is finite}. 

3) If T has large directionality iff for every A > |r| we have sup{A^^^'' : 9 < X 
regular} = sup{|ufA(p)I : P ^ S<~{M),M G ECA,i(r) and A C L(tt) is finite}. 

4) If T has medium or bounded directionality, M -< £,p = tp(a, Af ) G S'^(Af) and 
D G uf(p) and (a„ : n < uj) is an indiscernible sequence based on D then for 
every If = (p{x^^-^, ... ,x^^^;y) the type p ^ tp^{ao'' ... ~an-i, M) is definable with 
parameters in the model Af[g] . 

5) If T has bounded directionality then in part (4) the type p^p is definable almost 
on in the model A/jg] , i. e. in Afj'l'j it is definable with parameters. 

Proof. 1) Clearly the second implies the first which implies the third. 

Lastly, assume the second fails and we shall prove the third fails. So we are 
assuming p G S"^{M) and ufA(j') infinite, A finite, let (_D„ : n < lu) he a member 
of uf(p) such that (AvA(I?ri,£) : n < oj) are pairwise distinct. For n < m < cj as 
Av(£>„,£) ^ Av(£)m,£) we can choose let (pn,m{x,bn,m) & Av(D„,6„,m) such that 

) G Av{Dm,bn,n)- 
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Let M = Mq -< Ml -< M2 U {bm^n : m < n} C A^i, c„ C M2 realizes Av{Dn,N) 
hence it realizes p G S™(A/). Let M+ = (iV, Pf'^ , gf ^ , <^+), Pf^^ = |M|,gf = 
{6m, m ■.■m<n< uj},Pi^ ^ \Ni\,Q2 = {cn : n< oj}. 

Let A^q'^^ be a /i+-saturated model of Th(A'f+). Without loss of generality N2 = 
N+\tt -< £, let iVo = C\Pf*^,Ni = CfPa^^^. 

Let p' = tp(c, M') for every c e For every c e Q^^^ let = tp(c, A^{), 

this type is finitely satisfiable in M' (by N^^ = Af+) hence for some ultrafilter 
D on M' we have gg = Av(P'c, -/V{). Now for any ci 7^ C2 in Q2 we have 
Z^ci 7^ Dc2 so for some 6 G '^(^i i 6) = ~"i^i^2,b) hence for some t we hvae 

ip{x, 6)* e , -^f{x, 6)* e ge^ . 

So (Dg n defA(Afo) : c G ) is a sequence of pairwise distinct members of 

ufA(p')- As IQ^^^I > we are done. 

2), 4) See Kaplan-Shelah |KpSh:946| using plla] and\TM^4). 

5) Obvious. Il j^ 24| 

Remark 1.25. Can define ufA(p) = {D D defA(M) : D G uf(M) and Av(D,M) D 
pfA}, no difference in the proof. 

Question 1.26. If Af[p(g)] ^ ^[q{x)] i^ow are uf uf ((/(a;)) related? 

Question 1.27. Can we prove a substitute? We do not deal with it presently. E.g. 
we may consider uf(I),I a /c-end-homogeneous sequence, see below and §(5B). 

Definition 1.28. For a sequence I = (a^ : s G /) of C-tuples, (/ a linear order) let 

1) B(I) = { J C /: for some (p{x[(;],b) for every i G / we have fiat, 6] <J=> t G J}. 

2) uf(I) is the set of ultrafilters D on B(I) containing all co-bounded subsets, so 
interesting only when I has no last element. 

3) For A C ^ {ifi : (p ^ 'P(S[c]>y) e L(T)} let Ba(I) = {J C /: for some 
(p{x[i^],y) G A and b G ^siv)^ fQj- every t G / we have t <E J ^ ip[at^b]}. 

4) ufA(I) - {I? n Ba(I) : D G uf(I)}. 

Probably we may do better. 

Question 1.29. Does the directionality of T essentially determine when A -^t ('^)(t? 
See on the directionality, see 11.241 and on the arrow see ll.42l and on A — >t (k)o- for 
dependent T see | KpSh:946j . 

We have divided the family of dependent unstable T's to three. 

Claim 1.30. 1) Every dependent T satisfies exactly one of the following possibil- 
ities: stable, unstable (dependent with) bounded directionality, unstable dependent 
with medium directionality and unstable dependent with large directionality. 
2) Each of those classes is non-empty. 

Remark 1.31. 1) Delon, see Poizat |PoiOO| . gives an example of a dependent T with 
uf(p)| > in the present terminology this means a dependent T with large 

directionality. 

Proof. 1) Bv fTMl 

2) See Kaplan-Shelah |KpSh:946| . ^TM 

Question 1.32. In the definition of medium/large directionality, can we use p G 
S(M)? 
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§ 1(C). Indiscernibles. 



Definition 1.33. 1) For an index model / and model M we say I = (a^ : i] E I) 

is (A, n)-indiscernible in M when: is a sequence from M of length depending 
only tpqf (77, 0, J) and such that if the sequences f]i — {rj^ : £ < n) ,f]2 — {rj^ : i < n) 
realize the same quantifier free type in / then 0,^-^ , a^^j realize the same A-type in 
M where: 

lA) For fj — (rji : £ < n) we let af; '■— 0,^0 ' ■ ■ • ■ 

2) If A = L(tm) we may omit it; if M ~< it — €t we may omit M , we may write 
"< ?i" instead n and omit n meaning all n's. 

3) Note : saying I is {(p{xo, ■ ■ ■ , Xn_i)}-indiscernible in M mean that we consider 
only cirio' ■ ■ ■ , ^.g(?7£) ~ £g{xi), so do not allow to divide the variables differ- 
ently. 

4) (a^ : ?7 G /) is continuously indiscernible in M when, sajH igia^i) — C for every 
77 e / and for any formula ip{xo, . . . ,Xn-i) G r(^)^, with lg{xi) = ( for £ < n see 
10.131 there is a quantifier free formula '&{yo, ■ ■ ■ ,2/n-i) G L(t/) such that for every 
ryo, ■•■ e / we have M \= v3[a^o, . . . , a^„_ J iff / h '^[Vo, ■ ■ ■ ,r]n-i]- 

5) We add "over i?" when we use the expansion (Af, b)beB 

Claim 1.34. Let T be dependent. 

1 ) Assume 

(a) A is a finite set of formulas 
ib) M a model of T and AC M 

(c) I is a linear order 

(d) I = {ou.kj '■ £ < n,k < ki,u € [lY) is indiscernibl^ over A 

(e) ce'^>M. 

Then there is a finite subset J of I or of the completion comp(/) of I such that 
{au,k,i : £ < n, k < ki,u d [7]^) is /^-indiscernible over A{J d above J. 

2) Moreover, there is a bound on \J\ which depend just on A, {kg : £ < n) (and T), 
and so it is enough that I is Ai -indiscernible for appropriate finite Ai. 

3) So for every C C £ there is J C comp(/) of cardinality < \C\ + |r| such that I 
is indiscernible above J over AU C. 

4) Let I € Kp „, see Definition \1.39\f l ) below. If a is finite then parts (1),(2) holds. 
Part (3) holds when we demand J to be just of cardinality < \C\ + |T| + a. 

Proof See pI?7T5l §3]. qTMl 



More generally 

Definition 1.35. Let t = {K, <{) = {K^, <t) be an a.e.c. class of index models; 
normally <{ is C, then we may write K . 

1) We say that the theory T has the i — 6'-indiscernibility property when : if / e if 
(see below) and the sequence I — (a,, : 77 e /) is indiscernible over A in €t and 
6 € then there is /* S if <{-extcnding / and subset J of /* of cardinality < 9 
such that: if rjg = {rji^m : rn < n) C"^! for £=1,2 realizes the same quantifier free 



'for transparency 

so [7]^" is defined as an index model naturally 
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type over J in /* then , the sequences Of^^ := a,,^ o " • • ■ '0,^1^ ^ ^ for £=1,2 reahze 
the same type over A. 

2) Writing "J — (< 9, n»)-indiscernible property" means that above n < n*. 

3) Writing "{ — (< 0, A, n*)-indiscernible property" means that above we restrict 
ourselves to the A-type, i.e. which means that A C {ip(xo',xi;...;Xn-i',y) ■ 
ip{xa;... ■,Xn-i;y) e L(tt); y finite} and ^1, ^2 S "^Ct) we use only (/^(So, . . . , S„-i; y) € 
A such that ig{y) — ig{b) and £g{xm) — ^gio^m.m) — ^5(^1)2 m)- 

4) Writing — local — (< 6')-indiscernible property" means that — {6,A,n)- 
indiscernible property", and for every finite A. 

5) Omitting 9 means Kg for the local case, |T|+ for the other case; and instead 
"< 9~^" we may write 9. 

6) We say I £ K is fulFI when for every J £ K which <{-extends /, every quantifier 
free type (in finitely many variables) realized in J is realized in /. 

7) We say / G if is locally full when we replace above type by a formula. 

Definition 1.36. 1) An indiscernible sequence (os : s G /) in €t is dependent (in 
£t) when for every 6 G "^^C it satisfies the conclusion of 11.351 for k = |T|++ (the 
number of quantifier free (< a;,T/)-types realized in /). 
lA) Above "^-dependent" means we use k. 

2) If / G Ksct, see ll. 391 below, an indiscernible set I = {at : t G /} in £ is stable or 
sit stably when it satisfies the conclusion of ll.35r i). 

2 A) Above we say K-stably when we use k, superstably when k = Hq. 
2B) An infinite indiscernible sequence I = (ot : t G /) of ^-tuples is dependent when 
for every (p = tp(x[(^],y) and b G ^3{y)(r there is a convex equivalent relation E on I 
with finitely many equivalence classes such that sEt ^ € \= (p[as , b] = ip[at,b]. 

3) For indiscernible I = {at : t £ I) C as in part (2) and A, C C let Av(I,A) = 
{ip{x[(^],a) : b G "^A and £ \= Lp[at,b] holds for all but < Nq elements t G /}. 

4) For endless / G Kun, see 11.391 indiscernible sequence I = (at : t G /) C ^£ 
and set A let Av(I, A) — {iy9(a;[^] . 6) : b G '^^M and £ |= </7[at,6] for every </-large 
enough t G /}. 

5) We call the infinite indiscernible sequences I, J equivalent when Av(I, A) = 
Av(J, A) for every A. 

6) Given endless indiscernible sequences = (af : t G Ig) for £ — 1,2, we say 
Ii, I2 are immediate neighbours when li + l3_^ naturally defined is an indiscernible 
sequence for some £ G {1, 2}. They are n-neighbours when there are Jg, . . . , J* such 
that Jfc, Jfc+i are endless indiscernible sequences which are immediate neighbours 
for A: = 0, . . . , n — 1 and Ii = Jg, I2 = Jn- Let being neighbours mean n-neighbours 
for some n. 

Discussion 1.37. Historical review for §(1C): 

Of course, Eherenfeucht-Mostowski [EM56j use indiscernibles, i.e. their models 
were generated by a sequence of indiscernibles. Morley |Mor65| prove that for Hg- 
stable T: when A = /i is regular A -^t (A)i which mean for any Oq, £ €t{cx < A) 
for some ^ ^ A, of cardinality /i the sequence (oq : a G is an indiscernible 
set, using (p{x,b) of minimal rank such that {3^a){(p[aa,b]), see Definition 11.421 
The author |Sh:2] . |Sh:c| III], got a parallel result for stable theory using e.g. Fodor 
lemma, as minimality does not work, when e.g. a < X => |a|'"^' < A. 

Also for stable T: 



'it is many reasonable to restrict ourselves to full / 
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(a) if {ua : Q G /) is an infinite indiscernible set, / a set, i.e. with equality only 
(a) ip{x, b) can divide it only to finite/co-finite sets, so we have average 

for some u C A, |u| < A, (oq : a G I\u) is indiscernible over b U {cia ■ 
a eujUb. 

On general models see |Sh:300al §5]. Grossberg and the author suggest to classify 
first order T by A — )-t see \lA2{ 2) this remains untraceable, see |Sh:7021 §2]. 

We can consider parallel to Erdos-Rado, see Definition If .42^ 3) . This is proved for 
stable T (and more general context) in |Sh:3Q0fl §f], e.g. 

(6) [A]^2 {[^]<^])g when A = (2^)+ and ^i > 2l^l, see[Ill4). 

For dependent T, the parallel to (a)(a) above is in |Sh:c| Ch.II,4.13,pg.77] or 
|Sh:7f5l 3.2(1)] the parallel to (/3), is in Bald win- Bendikt |BBOO) (not seeing it is 
also |Sh:715l 3.2(3)]). For / being essentially the parallel of (a)(/3) in |Sh:715l 
3.4= 11.34] here. Here we state also another generalization using end-homogeneity. 

In [Sh:863> §3] some advance was made for strongly stable theories, 3a — >t (A+)i 
when 6 = (21^1+^)+, also in |Sh:863| it was suggested to look at infinite sequences 
having better prospects for dichotomies and "T is n-dependent" , see more |Sh:8861 
§2]. 

Question 1.38. Is the combination reasonable? 

Definition 1.39. 1) Let Kp^a- be the class of / = {I,<i, Pl)i^cr where </ is a 
linear order of / and (P/ : i < a) a partition of /, (as in many cases we disabuse 
our notation not distinguished the (index) model and its universe). 
lA) Kq^a is the class of / = (/, </, Pl)i<cr where </ is a linear order of / and Pi a 
unary predicate. If ct = we may omit it and so if / is endless this means / G i^un- 

2) For / G Kp^cn let Ei = {(s,t) : s,t G P/ for some i < cr}; so Ej an equivalence 
relation on / with < a equivalence classes. 

3) Let ie be the class of (/, <,E) where < is a linear order on J and E an equivalence 
relation on /. 

4) Ksct.a is the class of (/, Pl)i<:cr where (P/ : i < a) & partition, if = 1 we may 
omit a and Pq . 

Remark 1.40. So bv ll.34r i) this case is covered, i.e. if T is dependent then it has 
the /Cp^o-indiscernibility property. 

Observation 1.41. 1) If T is independent then the conclusion of \1.4-0\ fails. 

2) But there is T which is unstable, but have the Kgct ~ '^^-indiscernible property, 
e.g. any expansion of the theory of linear order. 

3) If T is a dependent theory, then it has the Ksct-indiscernible property (see 

pi™ §1];. 

4) Trivially T has the K set -indiscernible property iff for every n, every infinite 
indiscernible set I = {da : a < A} of n-tuples in €t is stable (in £t, see Definition 

Definition 1.42. 1) For a linear order /, we say that {at : t E I) is an n-end- 
homogeneous over A when if m < n and t{Q,t) </ t{\,li) </ ... </ t{m — 1,1) 
for £ = 1, 2 then the sequence at(o,i)" ■ . ■ "at(m-i,i) and a((o,2)" ■ • ■ "at(m-i,2) realize 
the same type over U{at : t </ t(0, 1) and t </ i(0, 2)} U A. 

lA) Replacing n by "< n" has the obvious meaning (and allow m = w), u G [A]^". 
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2) Let A — s-T (7)0- means that: if G for a < X and (oa : a < A) is end- 
homogeneous then for some u C A, of order type 7 the sequence (aa : a £ w) is 
indiscernible. 

3) Let A — 7T (7)JJ when: if a„ £ '^C for u G [A]" then for some ^ C A of order type 
7 the sequence (a„ : u £ ['^]") is (< n)-indiscernible. Similarly with < n instead 
of n. 

4) Fix t — {Ki, <() an a.e.c. of index models. Then / -^t,T {J)e for I,J<^Ki is 
defined naturally. 

Question 1.43. Find reasonable sufhcient conditions on T for the following: for 
every {7,7 the cardinality min{A : A -^t (7)0-} is quite small or at least < min{A : 
A — >■ (7)^" where ai = 21-^'+°'}. (Of course, Erdos-Rado theorem gives lower 
bounds, see [EHMR84j .) 

We may consider 

Question 1.44. The Strong Indiscernibility Question 

1) Give sufficient conditions on T for the following; where |T| < and k = cf(K) > 
2^ (or just large enough). For some ki < u!,T has the strong fci-indiscernibility 
existence property for {k,9), meaning: if 7(*) < 9+ and £ for a < k 
and I = (oq : a < k) is /c-end-homogeneous then for some unbounded C k the 
sequence (cq : a G is indiscernible. 

2) Similarly for "T has the fc-strong"*" indiscernibility existence property for k" 
which means that above I is mod clubs locally indiscernible. 

Discussion 1.45. 1) We will be glad even for weaker versions, anything better 
than Erdos cardinal. 

2) If T is w-independent we are no better off than in set theory (because we allow 
w-tuples). 

3) Independent theories can satisfy strong versions of ll.44| see example below. 

Definition 1.46. Assume k is regular uncountable. 

We say I = {aa : a < k) is mod clubs locally indiscernible when for some club 
E of K and / £ Kq^\T\ expanding (k, <) the sequence {(ia ■ a £ I\E) is locally 
indiscernible, see ll.33f 4). this means that for every finite A there is a finite ta C t/ 
such that {da ■ a £ {I\E\ta)) is A-indiscernible. 

Similarly n-indiscernible, n-end-homogeneous. 

Recall r |Sh:886l §2]) 

Definition 1.47. 1) We say T is 2-independent or 2 x independent when , we can 
find an independent sequence of formulas of the form ((/^(x, &„, Cm) : n,m < lo) in 
£ = £r or just in some model of T. 

2) "T is 2-dependent" (or dependent/2) means the negation of 2-independent (see 
PMI §5 (H)]). 

3) We say ip{x,yo, . . . ,yn-i) is n-independent (for T) when in £r we can, for 
each A < K, find a„ £ ^9(y<^'> [Ct] for a < \,i < n such that the sequence 
{(p{x, a°(Qj, . . . , -1)) ■ ^ ^ "•^) independent sequence of formulas. 

4) T is n-independent when some formula ip{x, j/o, yi, . . . , Vn-i) is n-independent. 

5) T is rt-dependent (or dependent/rt) when it is not n-independent. 
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Example 1.48. 1) For a first order T which is 3-independent assuming A ~ (2^)+ 
we can find n < ut and da G "£ for a < A such that {da : a < A) is one- 
end-homogeneous, equivalently tp(dct,U{d^ : /3 < a}) is increasing, but for no 
unbounded ^ C A and even no of cardinality /i+ is {da : a G ) an indiscernible 
sequence. 

2) For a first order T which is (fc -I- 2) -independent and A = (2^)"'' we can find n < uj 
and da G "£ for a < A such that {da : a < n) is /c-end- homogeneous for no m C A 
of cardinality /i+ is {da : a G ^) an indiscernible sequence. 

Example 1.49. T^.^, the theory of random graphs has the strongly one-indiscernibility 
property. 

Definition 1.50. We say T has bounded/medium/large fc-directionality when : if 
I = {da : a < S) has a fc-type- increasing (= fc-end-homogeneous) then uf(I) is 
defined as in Definition 11.231 replacing ||Af || by \5\. 

Remark 1.51. We may consider replacing well orderings by other classes of index 
models. 

Question 1.52. Can we answer [1 . 431 or [T^H when T has bounded or at least medium 
/c-directionality for some k. 

Question 1.53. 1) Can we characterize UT,m,A — {('^i,f^2) '■ ~^ (f^2)T,A,m}? for 
finite A,m when T dependent? 

2) Similarly for T fc-dependent? 

3) If T is fc-dependent is there fci such that: if for T is fc-dependent, m < a;, A C 
L(tt) is finite, then Dfcj(n) — {n)T,A,m for every n large enough? 

4) As in (2) for fc = 1? (i.e. T dependent). 

Question 1.54. Assume A — ^{tt) or A-finite, p = p{x) a (A,m)-type over 
A, £g{x) < 9 and every subset of p of cardinality < k is realized in M . Can 
we find q G {A) extending p{x) such that every subset of q of cardinality < k is 
realized in Ml 

Conjecture 1.55. Assume M is a saturated model of a cardinality k > |T| of a 
dependent complete T . 

1) If p G S(M) then there is an indiscernible sequence I — {aa : a < k) in M such 
that p = Av{I,M). 

2) Similarly for p G S^(M) where 9 < k. 
See more on this in §6. 

§ 1(D). Limit Models and Generic Pairs. 

Conjecture 1.56. We can characterize "M is /c-saturated" parallely to stable T, 
e.g. M is a K-saturated model of T iff it is |r|+-saturated and every indiscernible 
sequence (cq : a < d) of elements in M of length d < k can be continued and 
similarly for cuts. 

Conjecture 1.57. The Generic Pair Conjecture 

Assume A = A<^ > \T\,2^ = A+,A'fa G 'E,C\,i{T) is ^-increasing continuous 
for a < A+ with U{Mq : a < A+} G ECx+.\+{T) being saturated. Then T is 



^the "2^ = A+" is just for making the formulation more transparent 
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dependent iff for some club E of A+ for all pairs a < /3 < A+ from E of cofinality 
A+, {Mfj, Ma) has the same isomorphism type. 

Remark 1.58. We proved in [Sh:90Q] the "structure" side, i.e. the implication in 
ll.57l when A = k is measurable, on the non-structure side of ll.57iri.591 see |Sh:877) . 
[Sh:906| . It seemed natural to assume that the first order theories of such pair is 
complicated if T is independent and "understandable" for dependent of T, but this 
is not so, see Kaplan-Shelah |KpSh:946| . 

Conjecture 1.59. The Unique Limit Model Conjecture Assume if T is dependent, 
|T| < A = A<^ and A+ = 2^,cr = cf(a-) < A. If (M^ : a < A+) is an increasing 
continuous of models of cardinality A with A^-saturated union then for some club 
E of A^, all the models in {Ma ■ a is from E and has cofinality a} are pairwise 
isomorphic. 

* * * 

Completions: 

For linear order the notion of completion is very important, so it is natural to 
try to generalize it to dependent theories (if we accept thesis 10. 4p . Note that for 
stable theories as every type p G S(A) is definable by formulas with parameters 
from A, this is not so necessary (and €°'^ is a much less radical extension). 

Definition 1.60. 1) ai(£) is the set {Av(I, £) : I an infinite indiscernible sequence 
of finite tuples in £}. 

2) nsp^(£) is the set of p G S™(£) which does not split over some A C £ of 
cardinality < /i. 

3) fsp(e:) is the set of p G S™(e:) which is Av{D, £) where D is an ultrafilter on ""A 
for some m < uj (or more) and A C £ a set of cardinality < If ^ = oo, (i.e. ||£||) 
we may omit it. 

Thesis 1.61. So the types we considered as understandable, a base for analysis 
are fs^(£) or nsp^(£),/x for small enough (hopefully |T|+) and ai(£). 

Question 1.62. Is it reasonable to add in the completion of £, nspQ^j(£) or just 

nsp^(e:)uai(e:). 

Discussion 1.63. 0) So our main theorems say that any p G S{M), M G ECa.a(T) 
is definable over <'3uj + \T\ elements from ai(£) U fs<3^(£). 

1) We may prefer not to analyze complete types but ultrafilters, i.e. the dx and Cx,i 
are in the full completion! But there is no parallel to the "recounting of types" as 
there are dependent T with large directionality. However, given D G ufC^M) we 
may choose an || A^||+-saturated elementary extension N oiM and let p = Av{D, N), 
so analyzing p is very close. 

It is still reasonable that in view of later developments we may prefer to use the 
ultrafilter version. 

Recall that if we succeed to use ^ = |r|+ for countable T, then we can always use 
eventually indiscernible sequences, see below. This may be not just aesthetically 
nicer but helpful. Anyhow allowing constant though not so small /x, will give us 
the asymptotic behaviour. 

2) To clarify our intension let us consider the class of linear orders. We like to deal 
with the class of complete linear orders; or at least (< K)-complete. If / is the 
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completion of a K-saturated dense linear order, then it is natural to add predicate 
Px,e{x € {left, right}, ^ = cf(6') < k) such that 

(a) (a) / ^ PiefM (a) iff cf (/<„)= e 

(/?) / \= Pright,e[«] iff the inverse of 7>a has cofinality 6 

(6) h <( h iff 
(a) h C h 

(/3)ieft ff /i h fleft,e(a) then (/i)<a is cofinal in (/2)<a 

(/3)right if -'^i H -Pright.e [a] then {h)>a is cofinal in the inverse of (/2)>a- 

Definition 1.64. 1) Wc say that I = (aj : t £ /) is an eventually indiscernible 
sequence when: / is an endless linear order, £g{at) for t G / is constant and finite 
for transparency, and for every finite set A C L(rT) there is t{A) G I such that 
{at : t € I>t(A)) is a A-indiscernible sequence (over A). 
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§ 2. Decompositions of types 

We define x e pK^^g, whicli is a partial analysis of tp((ix,Mx), it is related 
to K^ Q from ISli:900| but _Bx, which has cardinality < n there corresponds to 
i3+ = i3x U {Ix,i : i G Ux} here. Moreover, the set _Bx is of cardinality < rather 
than < K but in this section we really do not use this. We define "x is cr-active in 
i < Zx", which cannot occur too many times. We define qK'^ ^ g, those for which 
we "exhaust the possible activities" , this set is dense; and the related qK^ p, e 
suppose to be the class of such x's in which we have fuller analysis. For the case 
K = fj, we have qK'^^^ g = <i^K,p,e so in this case qK^^^ g is dense and we define 
solvability, all are related to |Sh:900) . But not so dealing with {p,,9)-sets, over 
which the situation is similar to the one for stable T and any set C Ct', note that 
is a {fl, 9)-set when x G pK^ p e smooth. Central here are the definitions of 
similarity of decompositions and their smoothness (points which are meaningless 
in Sh :900j ) and we point out their basic properties. Those later ones indicate the 
possible advantages of Definition 12. 2[ i.e. the use of indiscernibles. Generally, we 
shall concentrate on the case k = /X2 ^ /ii = /io > ^ > |r| so may not state claims 
in full generality concerning this point. 

§ 2(A). Decompositions - the basics. 

Convention 2.1. 1) In clause (i) of Definition 12.21 below we have three options, 
the choice is tx G {0, 1,2}, usually the choice does not matter and in those cases we 
suppress i; so far we can use only ix = 2. Usually the set v can be a well ordering 
and even an ordinal but in disjoint amalgmation in sK® - g we shall need anti-well 
orderings whereas in proving density for qK' it is natural to use just well-ordering. 

2) Also Cx consists of finite sequences and sometimes we use c C d, normality, see 
Definition I2.6r 7): we may demand that always c C d. We can work in hence 
use c a sequence of singletons but this is immaterial in Definition 12.41 

3) The notation is sometimes best understood as in the case when w is a set of 
ordinals, as the case "w an ordinal" is our prototype so abusing notation we let, e.g. 
V n i = {j e V : j <y i}- 

Definition 2.2. Assume fi = {fi2 , f^i , f^o) and A > k > ^o,A > //2 > A^i > A^o > ^ 
but if not said otherwise in addition cf (/i2) > 0, k > fi2 and even k — fj,2, fj-i ~ fJ-o; 
usually 9>\T\. 

We let pK_;^ K p e be the class of objects x consisting of: 

(a) AI -< £ which is K-saturated of cardinality A 

(6) B = U{Bi : i G v\u} and each Bi C M is of cardinality < /io 

(c) d e ^^-^ C^^C) or even d G "'(">£) wher^^ w is a linear order (e.g. a set of 
ordinals) of cardinality < 9; we may write w as ig{d) or Dom((i) but we 
usually write i < j instead of i <m j and wHj or w^j for {i € w : i j}, 
similarly for v, u below 



This is useful when we like to amalgamate such objects, but usually we may ignore this. We 
may work in i.'^'^ and then use di instead of di. Similarly for the Ci's. 
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(d) c — {ci : i E v) ^ which sometimes is treated as (. . . "ci^ . . .)i^v 
scJl Ci e where w is a hnear order of cardinahty < 6; we may write 
V = ig{c) or w = Dom(c) 

(e) u C u 

(/) R = {n-i : i E u) such that Ki = cf(Ki) G [/ii,/i2) 

(g) i = (li : i e u) 

(/i) li = (Si, a : a < Ki) is an indiscernible sequence in M for i € u. 

(i) ix < 2 and for i G 

Case : ix = 0, tp(ci, Af + E{cj : j < i}) does not spht over _B,; 
Case 1 : = 1 : tp(ci, Af + S{cj : j < i}) does not locaUy spht over 

Bi + Tilcj : j < i}, see Definition 12.31 below 

Case 2 : — 2, the type above is finitely satisfiable in Bi. 
In short we may say tp(ci, M + S{cj : j < i}) does not tx-split over Bi 
(j) for i G u, the type tp(cj, M + E{cj : j < i}) is Av(Ii, Mx + Sjcj : j < «}) 
hence £g{ai^a) = ig{ci) for a < Ki. 

Definition 2.3. 1) We say that the type p{x) locally splits over A when there is 
if = Lp{x,y) G L(Tt) such that for every finite A C {(p : = ip{y,z) G L(Tf)} there 
are formulas (p{x, 6), ~'(p{x, c) G p where b, c realize the same A- type over A. 
2) If p G S^(i?) does not split over A C _B let the scheme of p be the function H 
defined by: if (p{xie],y) G L(tt) and b G '^3{y)B then H{ip{x,y), tp{b,A)) is the 
truth value of ip{x, b) G p. 

Definition 2.4. In Definition 12.21 we say i G Wx is cr-active (in x) when 1 < cr < Hq 
and CT = 1 i ^ Ux and (using notation of I2.6r i) below; the default value for a is 
1): 

Case 1 : cr = 1 

We can find 6i,o, such that 

(a) 6i,o,^i,i realize the same type over Cx,<i + Afx, see l2.6r i) 
(6) bifi, bi^i realizes distinct types over dx + Cx.<i + Afx 
(c) Cx,i = h.o'h.i- 

Case 2 : cr > 2 and i ^ 

We can find (6i.„ : n < a) such that: 

(a) tp(6i_„, U{6i,„j : m G (n,cr)} + Cx,<i + Afx}) is C-decreasing with n anc^ 
does not tx-split over B^ y, (i.e. does not split over B^ i if tx = 0, does not 
locally split over _Bx,i if tx = 1 and is finitely satisfiable in i?x,i if tx = 2) 

(&) tp(&i,£, Mx + Cx,<i + dx) for £ = 0, 1 are distinct 

(c) Cx,i = h,o~bi,i- 

^could demand c,; g or even g in this work usually it does not matter but not 

always; if we do this in l2.4l we can make Cx,i = (■ ■ • 'bi^i' . . ■)e<iT in Case A and a parallel demand 
in Case B 

^in the other cases the parallel statement follows 
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Case 3 : cr > 2 and i G Wx 

We can find bi^a,n{a. < Kx,i,n < 2) such that: 

(a) tp(6i^K,,,.,«,U{ai,K^ ,^,„ : m £ {n,2)} + c^^^i + M^) does not spht over 
U{ax,i,Q : a < Kx,i} 

(b) tp(6i^K^^^^, Mx + Cx,<i + rfx) for f = 0, 1 are distinct 

(c) Ci = foi,K^_,,o"&j,K,,4 and ax,j,a = &i,Q,o~^i,a,i for a < Kx,i 

(c^) {bi^a,n ■ (ck,n) G Kx,i X 2) is an indiscernible sequence where Kx,i x 2 is 
ordered lexicographicahy. 

Remark 2.5. 1) We shall return to this and to 12.141 and in 15.221 

2) We can use c^.^i — (cx.j ■ j G Wx\{i}) instead Cx,<i in Definition 12.41 as in 
|Sh:900j . 

3) In Case (3) of Definition 12.41 note that it follows that for every e £ '^^(Mx) for 
some P < K, {bi^a,n ■ {a, n) 6 [/?, 2) is an indiscernible sequence over e. 

Definition 2.6. 1) For x G pK;)^ g let x — {Mx, ■ ■ ■) so Wx — w,Vx = v,Ux = 
u, Cx = c[x] = c, dx = c'M = d, Ki = i = k(x, i), _Bx,j = Bi, = B, etc., and let 
Bx = U{Ix,j : « e Ux} U Sx. Let c<j = c[< i] = Cx^<j = (• • • 'c^j' ■ ■ ■)j<i,c[u'] = 
Cx[u'] = (■ • • "cxj " . . .)je„' and c^^^ = Cx,^* :=_(• . . "cxj" . . ■)jev^\{i} for i G Ux and 
for u' ^ v-x;. We may write c, d instead of Cx, dx when confusion is unlikely as there 
is only one x around, in particular avoiding using, e.g. ; also we may write 
c[x],c[x, < i], etc. Let ax = {Kx,i ■ i S u^}- 

lA) For i G Wx let Di = D^^i be such that tp(cx,j, Cx,<j + A^x) = Av(I?i, Cx,<i + ^fx) 
where Di is an ultrafilter on (-Bx,i) if ix = 2 A i G fx\ux and on Ix.; if 

i £ Ux such that a < K-^^i ^ {Sx,i,/3 : /3 G (aj^x.i)} G Z?;; but only D'^ := 
Di n Def£g(g(x,i)) (Dom(r'j)) matters so we normally use it. 

2) Concerning pK^;^ k p.ei omitting A means "for some A"; omitting /iq means /iq — 
fix, omitting also ^2 means fi2 — then we may write /i instead of /ii and of p.; 
writing * instead of fix means ~ [9^ + |r|+ omitting A, k, /io, /ii, /i2, ^ 
means for some such cardinals. Similarly in parallel definitions later. 

3) We say i G fx is active in x when it is a-active for some ct, equivalently for 

<7=1. 

3A) We say z G Wx is active in x over u when i G Wx, u C Vx{< i) and in Definition 
12.31 we replace Cx,<i by Cx['u]. Similarly in the other versions. 

4) We say i G Wx is strongly active in x when it is Ho-active. 

5) We say that i G Wx is (cr, A)-active in x when 1 < ct < Ho and A C F^.j :— {'■p : 
Lp = ip{x^, Xc[<ci],y, z) G L(tt) and y,z are finite} and in Definition 12. 41 we replace 
clause (b), in all cases by 

(b)' foi0 some <y5(xj, Xc[<i] ,y,z) G A we have 

£ 1= (p[dx,Cx,<iM.K^,i,o,a]A^(p[dx,Cx,<i,bi,K^,,,i,a] for some a G ^s(^)(Af^). 

5A) For V C Vx and A C L(tt) let F^^^ - = {(p : ip £ F^ ^ and p e A but Xc[x,<i] 
is replaced by xef(^ni)} ■ 

6) Let M[x] be (-Mx)j3+_^g^^j^], see Definition 10.111 

^'^No real loss if we replace y by Xc-^ ^ . Also no real loss if we omit 2, absorbing a into 5; by 
cosmetic manipulations 
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7) We say x is normal when Rang(cx) ^ Rang(c?x), pedantically U{Rang(cx,i : i £ 
Vx} Q U{Rang((ix,i : i G Wx}; note that usually there is no loss in assuming it. 

8) Let Tl^he {ip : (fi — </?(xj, Xg, y) G L(tt) for some y, finite if not said otherwise}. 

9) T'^ = {ip : (fi = Lp{xj^ j^,y) and rj £ "£g{dx) for some n}, used in particular when 
X is normal, see l2.7f 4) below. 

10) For V Q Vx,w C Wx let x<„^t„> = (M^, Bx\{v\ux),Cx\v,dx\w,I\{v H u^)), but 
if = £g{dx) we may omit it. 

11) We say x is essentially well ordered when {i e j } is well ordered (by 
<„) for each j £ u^- 

Notation 2.7. 0) We may write d, c instead of d^, Cx when x is clear from the 
context, (usually in subscripts). 

1) u, V, w are linear orders, members are i, j but, e.g. vuHj = w^j :~ {i (z w : i < j} . 

2) If vi C V2 let [vi,V2) = {i £ V2 : j <V2 i for every j e vi). 

3) ^g(J) Dom(J), etc. 

4) drj — : (. < igiv)) if 7? is a function from £g{ri) to £g{d). 

5) dx.r) — {dx,rj(e) ■ (- < ^5(77)), see Definition 12.6( 1). 

6) Sd,r, = Sx,,, = (Sj^,,) : i < ^g{v)) when d = d^. 

7) Xg,^ is defined similarly. 

8) tp^(Jx,Cx + A) := {(^(xj,Cx,6) : b G ^siy)A and £ h (^(4,Cx,&)} when ip = 

8A) We may above use ±93, A and/or ip — ip(xg^^^, Xc,r], j/)- 

9) W2 = wi + 1 is defined naturally. 

Definition 2.8. Let x G pK^ ^ g. 

1) We say that e solves (x, -0, A) or ^/i-solves (x, A), or ip-solves x over A, (pedan- 
tically we should add 6) when : 

(a) ee«(Afx) 

(6) A C A/x 

(c) ■(/; = (t/)^ = ■i/'y(Srf,S5,y[e]) : <p e r^) where C F^, recalling [2Ji; 8) 

(d) V'<p(xj, Cx,e) h {((5(xj, Cx,a) : a G ^9{y^)A and £ ^ V3[dx,Cx,a]} for (yS G F^ 

(e) £ ^ 'i/'vMx,Cx,e]. 

IA) We say that V(a^d, Cx,e) solves {x,A,ip) when = ip{xg,Xc,y) & F^ and 
e C Mx and '!/'(Sj, Cx, e) h {1/5(5^, Cx, 6) : & G ^stevs)^^ and £ ^ (/^[(Jx, Cx, &]} and 
£ 1= ■0(p[dx,Cx,e]. 

IB) We say that 'ip{x^j,Xc,z) solves (x, A, 1^9) when ilj{x^,Cx,e) solves (x, A, 1^9) for 
some e G ^^(^^M. 

IC) We let ■&x,,p{xc,z,y) = z9x,i^>(Se, ^, y) where ip = ip{x^,Xc,y) G F^ and = 
ip(xj^,Xc,z) be {yxg){'ip(xg^,XcTz) p{xj^,Xc,y)); we usually omit x, being clear 
from the context and similarly ip. 

ID) We say 'ip = (V'i^(a;j, Xg, e) : ip G F^} solves (x, A) when F^ C F^, so we 
usually write F^ instead of F^ to stress this (similarly in other cases), and for 
every ip G F^ , -(/"(^ (S j, Sg, e) solves (x, A, ip). We say %p solves (x. A) when ^ = {ip^ : 
tp G F^), -0^ = V'vfe' V[e]) and some e solves (x, {p, A). 

2) We say -0 is full for x when F^ = F^. Omitting means for some full for x. 
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2A) Let "tp(a;j, Cx, e) h tp{d, Cx + Mx) according to V'" mean clause (d) of part (1) 
with instead of T^, . 

3 A) We say 'ip illuminates x £ pK^ ^ g when is as in clause (c) of part (1) and 
for every A C Mx of cardinality < fi2 some e does solve (x, ?/;, A). 
3B) We say ip{x^,Xc,X[g-^) illuminates (x, 1^9) when ip{x^, Xc^Vip) G and the 
above holds with {^,4') standing for {ip,ipip)- 

4) We say e solves (x, A) when for some ?/> which is full for x, e solves (x, -0, A). 

Remark 2.9. 0) Note that we use "illuminate" rather than "solve" when we quantify 
on A. 

1) For the case tx — 2,/ii — = Hq, i.e. for countable T, we can replace 
"tp(cx,i, Cx,<i + Mx) is finitely satisfiable in some countable -Bx,?: Q Mx" by: p is 
the average of an eventually indiscernible sequence I = (a„ : n < lo) from Mx which 
means that for every finite A, some end-segment is A-indiscernible, see Definition 
[TTMl Also Av(I, A) is well defined. 

2) However, we cannot replace eventually indiscernible by indiscernible, e.g. for 
= Th(R),R the real field, there is an eventual indiscernible I = {an : n < uj) such 
that a„ > n; the cut it defines cannot be defined by a really indiscernible sequence, 
(well of length less than the saturation) . 

3) We can characterize when an eventually indiscernible sequence is equivalent, (see 
Definition 12. 19f 2)') to an indiscernible sequence, but this does not always occur, by 
the example above. 

4) Being equivalent is well defined for eventually indiscernible sequences as their 
averages are well defined. 

5) Usually no harm is done when below in I2.10f l)(b) we add "Wx is an initial 
segment of Wy". Similarly in l2.10f l)fd'). 

Definition 2.10. 1) We define a two-place relation <i on pK : x <i y when : 
(a) Mx = My 

(6) dx = dy fwx and C Wy as linear orders 

(c) — Uy n Ux and C Uy as linear orders 

(d) Cx = Cy and C Vy as linear orders. 

2) We define <2 similarly strengthening clause (b) to 

(6)+ 4 = dy. 

3) If X <i y and ip — ip{x^^^^,Xc[x.]iy) G F^ then we may identify it with the 
fiddly], Xc[y],y) e F^ naturally. 

4) For X S pK and (p — tf(x^,Xc,y) G F^ let supp((/3) be the pair {w^v) such 
that w C £g(dx),v C ig{cx.) are minimal (so finite) such that ip = ip{x^^^, Xciv^y), 
moreover the omitted variables are dummy (= does not appear in p, not just 
"immaterial for satisfaction"). 

4A) Similarly for (p = ip{x^,Xc,x'^,x'g,y), we define supp(((5) = (wi, wi, wa, i^a); used 
in 1331 

5) For A C let supPx(A) be the pair (U{w : (w^v) — supp(u) for some (p £ 
A},U{t; : (w,w) = supp((p) for some (p G A}). 

Definition 2.11. 0) 
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(A) For X e pK;, ^ let Tl ^ {ip : ip ^ ip{x^, Xs, x'^, x'^, y) e L(rT) so ig{x'^) = 
eg{xc)Jg{x'£) = (.g{xg),y fimte};used in[33i;i). 

{B) For X G V^x,i^,;,,0 let {(^ : = ip{xs,Xc,y[0],z) 6 L(tt),z finite}, 

(used in (3A), close to F^ see Definition[2l6i;5),(5A)). 

1) Let qK'x.K,fi,e[^] be the class of x G V^x,K,.fi.e such that for no y € pK_)^ ^ g do 
we have x <2 y and y is A-active in some i S v^\vy over Wx,<i, i-e. Wxnwy,<i, sej^ 
Definition 12. 4( [276r 3A).f5): if A = F^ we may write qK'x « ^ similarly below. 
lA) We define qK^ ^ ^ ^ [A] similarly but restricting ourselves to the case Vy = Ux+1- 

2) Let qK;i^ k e be the class of x G pi^\ e such that for every A G [Afx]^'^ some 
e solves x, see Definition 12. 8r 4'). 

3) Let qK® ^ p e be the class of triples n = (x, ip, r) such that x G qK;^ ^ ^ g and 
Tp = {ipip : G C F^) illuminates x and r — r(xc^, xj^, y^ej) is a type over Mx 
such that: for every A C Mx of cardinality < k there is a tuple e from Mx such 
that: 

e solves {x,-ip,A) and the sequence Cx'dx'e realizes r. 

In this case we may say e C Mx solves (x, A,^/j,r) or solves (n, ^). If not said 
otherwise, r is a type over 0; in this case we say n is pure. 
3 A) Let qK® be the class of n = (x, -0, r) G qK® such that F^; = F^ . 
3B) Let qK®p g be the class of triples (x, ^, r) such thaiF^: 

(a) X G qK^ ^ j^ g 

(b) r = r{xc,xs,y[0]),i^ ^ {ip^ : (p £ F^) satisfy 

•i tp^ = tp{x^,Xc,y[e]) 

•2 for every A C of cardinality < k for some e G ^(Afx) we have: if 
(p then £ \=_tp^[dx,c^,e] and Cx, ^ {p{x^,Cx,yig],b) : 

£ h 'VMx, Cx, e, 6]" and 5 G ^^(''U}. 

4) We say e universally solves the triple (x, ■0,r) G qK®^ ^ g when for every A G 
[Mx]^'' there is e' as in part (3) such that e, e' realizes the same type over Cx+dx+^, 
see 11^4) and Theorem mil 

4A) Similarly for (x, ^jj,r) G qK® ^ - g but "e' is as in part (3A)" . 

5) We define the partial orders <i, <2 on qK', qK, qK®, qK® naturally. 

Remark 2.12. Concerning Definition 12. 11( 3). (4) note that qK® is used in the end 
and in (*)5 of the proof of 14.71 and in the proof of 14. Ill only. 

Observation 2.13. Let ^ = 0, 1, 2. 

0) If the type p{x) is finitely satisfiable in A then p{x) does not locally split over 
A and this in turn implies that p{x) does not split over A (hence the corresponding 
implications hold for the variants of Definition \2. ^) . 

1) <i is a partial order on pK. 

2) Ifx. — (Xg : £ < S) is <£-increasing sequence of members o/pK^ ^ ^ g and S < 

is a limit ordinal then x has a <i-lub, essentially the union, naturally defined and 
it belongs to pK^ ,^ p^ g. 



in many places it suffices to use [vy, Ux] 

'What is the difi'erence with part (3)? Here in the end, e appears in 
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3) If X E pK^ p g and we define y like x replacing dx by d^'^c^, then y G pK^ ^ g 
is normal and x G qK^^ ^ ^ y e qK^^^^g and x G qK^^ g ^ y £ qK^^^^g anrf 
X G qK" p_ g <^ y & qK" ^ and x <i y and no loss if systematically we use only 
normal X (except when we like e.g. tg{dy^) to be finite). 

4) Parts (1),(2) appl-^ also to qK,qK'. 

5) Assume k > 6 > \T\ and fi are as in \2.2i If M is K-saturated, w a linear order 
of cardinality < 9^ and d G ""C^^C), then for one and only one x G pK^ g we 
have Mx = M, d^ = d,Vx = ^ hence Cx = {), -Bx = 0- 

6) Letxe pK^^j^ g. 

(a) //cf(/io) > 9 then Bx = U{i?x,i ■ i G WxVwx} ^ Mx has cardinality < hq. 

(b) //cf(/i2) > 9 then U{Ix,i : i G u^} has cardinality < /i2. 

(c) //cf(/^2) > ^. (hence /ig = fi-z ^ cf(/io) > 9) then also \B^\ < /i2. 

(d) Always |Bx| < A^o, \B+\ < fi2- 

Proof. Easy, concerning part (2) for £ — 1,2 note that the union, it is not uniquely 
defined as if i G Vx^\ux^,e < S then {B^^ i : C G [e,S)) is not necessarily constant, 
but we can use any one of them. Similarly for i G u^^ . IZ j^ 

Claim 2.14. 1) If 9 > \T\ then in pK^ ^ g there is no <2-increasing sequence 
(xe : e < 0+) such that: if e < 9^ then x^+i is active in some i G v{yie+i)\v[x^). 

2) For finit^^ A C F^, there is tia = ^A,T < swc/i that there is no <2-increasing 
chain (x^ : £ < n/^) of members of pK^ ^ g such that Xi+i is A-active in some 
i G [v{y:i),v{xi+i)). 

3) In part (1), the sequence may be just <i-increasing if {e < 9^ : d^^ — U{d- 
C < e} is a stationary subset of 9^ . 



< 



Proof. A similar proof appears in Case 1 of the proof of lS^ or see |Sh:9001 2.8=tp25.33] 
recalling Definition tSh:900. 2.6=tp25.32]. ^TW 

Claim 2.15. 1) If x. G pK^ ^ g then there is y G qK^ ^ g such that x <2 y. 
2) If the finite A is as in \2.14\ (2) and x G pK^^ g then there is y £ pK^ ^ g such 
that X <2 y o,nd Vy\vx is finite and there is no z £ pK^ ^ g such that y <2 z and 
some i G [wy,Wz) or just i G Vz\vx is A-active in z. 

2A) If above we restrict z to the case Vz = Vy + 1, then we can demand Vy C Vx+n^ 
when i^ from \2.14^ 2). 

2B) In part (2), if we restrict the assumption to the case Vy < v^+i^, i.e. Vy = v^+n 
for some n then this is O.K. provided that we restrict the conclusion to the case 
Vy < Vz (actually just Vy C_ Vz A Vx ^ Vzj- 
SJ If x £ qK^ K e '^^ i^s^ ^ ^ 'i^K fi e '^^d /io = K then x G qK^ ^ g, that is, for 
every A G [Afx]^'' some ip solves (x, A), see Definition \2.8Y lD). 



l^But for qK®_ g-qK®- g,qK®- g parts (1),(3) are O.K. but part (2) is a different, harder 
matter; for qK^ - g all are not clear. 

^^if we restrict ourselves to dx \ u for some finite u C £g{dx) then any finite A C L(tt) is O.K. 
^'^and see ind(A) in §3 

^^the "fio = k" is of course undesirable, but eliminating it is the reason of much of the work 
here. 
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4) [Local versioi^l: i/ (yS G and x G qK'^ p, e or just is as y in \2.15V 2) or just 
\2.1^ 2A). then for every A G [M^<'^° there is ij) = il;{x^,Xc,z) G L(tt),z finite 
and e G ^^^^^M such that i[{x^,C:x.,e) solves (x, A, i^). 

5) Assume — 2. The inverse of part (3) holds, i.e. if li. £ pK^ ^ g and x G 
qK^pg, ie. /or every A C Afx o/ cardinality < k there is a solution then x G 
qK^^^o (and see\3^2)). 

6) Assume iiq — k. Assume x G pK^ ^ g but x ^ qK^ ^ g then there is a pair (y, ip) 
such that: 

(a) X <i y G pK^ ^ g 
(6) = if{x^, Xc, y, z) G 

(c) y is {ip}- active in some i G [fxit'y), so = Ci.o"ci.i,cC Rang(cy^<i), £17(0^.0) 
(■g{y) = ig{ci^i) and £ \= ((^[dx, Cx, , c] iff £ — 1, etc., see Definition \2.4\ 

Remark 2.16. Note that in part (6), \i f\^i = /i for transparency then we allow 
^l> 9 +\T\> cf (/u) and \B^\ /i; also note that B+ = _Bx. 

Proo/. By [Sh:9001 2.10=tp25.36,2.11=tp25.38] this should be clear, still: 
5) Toward a contradiction assume that y, i G Uy\'yx, ^i,Oi exemplify x ^ 
qK'^ p^ g so bifi, bi^i are as in Definition 12 .41 in particular there are b* from Mx and ip 
such_that £ ^ 'V[^ic, Cx,<i, ^i,o, ^*] A ^(^[Jx, Cx,<i, ^*]" and Cy^j = bi^o'^i,! and 
bi,o,bi^i realize the same type over Cx,<i + which is finitely satisfiable in By i. 
Let A be By i + b* if z ^ Uy and be Uly^i + 6* if i G Ux; so ^ C Afx has cardinality 
< K hence for some — i^{x^, Cx, z^) and e G ^^'^^'''•'(Mx) we have 

(*) ipix^, Cx, e) G tp(Jx, Cx + Mx) satisfies i>{xj;, Cx, e) h tp^(Jx, Cx + 

Hence 

(*)' (a) e:h'/'[4,cx,e] 

(6) for every b C yl^ff(^i,«) and for some truth value t we have 
h Cx, e) Lp{x^, bf]. 

Now for ^ = 0, 1 we know that tp(6i.£, Mx + Cx,<i) is finitely satisfiable in A and 
does not depend on i, easy contradiction. '-tnHSl 

Observation 2.17. 1) Assume /iq = k and cf(K) > 9 + \T\. If x €: qK^ p g then 
for some full ^ we have n := (x, -0,0) G qK^^e? see \2.1lY 3A). Moreover there is 
n = (x,Vi'_,0)GqKf,p,,. 

// (x, ■(/'jT) G qK®p0 a^ic' model M is n-saturated and k > /i > cf(/i) f/tew 
/or some "0' we /lawe (x, r) G qK®p+ g- 

Proof. 1) First, for each (/s = ip{xj^,Xc,y) G there is ij}^ = ^p^p{xg,Xc^z^p) illu- 
minating (x, (f) . Why? for every A C Afx of cardinality < k by 12.15^ 4) there 
is %p{x^,Cx,e) solving (x, (/?, A). The set A of candidates ip = ^{x^,Xc,z^) has 
cardinality < 6* + |T| and ii t/j £ A fails there is a set ^i^,^ exemplifying it. As 
cf(K) > 6 + \T\ the set A^ — Li{A^^ji, : tp G A^} has cardinality < k, so there are 
Ip and e such that ip{xg,C:^,e) solves (Xjip^A^), hence it contradicts the choice of 
A^p^^. So ipip exists. 



l''we may use l2?T5f 3').(4") replacing A G [M]<'^o by £ [M]<'^ as the definition of qK. 
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Renaming the Z(^'s we have {ipipixj;,Xc, Z[g]) : ip € F^) as required for n := 
(x,V5,0)eqK®^^,. 

Second, to get the "moreover", let ip = {ipi{xg,Xc,y[g], Zi) : i < 9) hst the 
formulas of this form. For i < let Ui C be finite such that ipi = ipi (xj, Xg, y[ui] , Zi) 
and without loss of generality we choose the sequence (p such that Ui C i. Let 
Ipi = 'tlji{xg,Xc,y*) be as above for (p = (^^(xj, Xg; ?/[„.] "z^), so (giy*) < uj, let 
ai = T,{£g{y*) : j < i} and let y^ = {ya,+e ■ ^ < ^giy't)) and now let V* = ■ 
tpzixd,Xc,y*) ■i<0). 

Now given A C Mx of cardinality < k we choose — (e^.+f : i < ig{y*)) by in- 
duction oiii < 9 such that ipi{x^, Xg, e^) solves (x, Au{ea : a < ai}, <Pi(xj, Xg, y^m] 'zi)). 
So e S ^(Mx) is well defined and satisfies the requirements. 

2) Let ^ {'ip^ : p e TD . For p = (/^(xj, Xg, G F^ let 'ffo^^ = = i'-^o,! 

and recalling l2.8f lC') let i?2,<^ = V'lJi,'^- Lastly, ^ := (V'i32,v. ■ ^ F^) satisfies 
(x, -0', r) g qK®^+ compare with the proof of 12.261 II j2 i7| 

Note that we shall use \2A7\ in I4TT1 

§ 2(B). Smoothness and {p,,9)-sets. 

We like to show that in some sense there are few decompositions, so toward this 
we define smooth ones, show that for a saturated model, the smooth decompositions 
are few up to being conjugate and every x G pK^ p e is equivalent to a smooth one 
modulo the relevant equivalence relation; this suffices. 

Definition 2.18. 1) The decomposition x G pK^ ^ g is called smooth when: if 
K G Ox, see end of I2.6f f). then 1+^ is an indiscernible sequence over U{I+^^ : ki G 
ctxVI'v}} U i?x — U{Ix,j,Q : i G and a < Ki but Kx,i ¥^ U i3x in the sense of 
Definitions [QHT 1 ) , [T^l where 
lA) We define 

for K G Ox {Kx,i : * G u^} where Ux.k = u(x, k) :— {i £ ■ Ki = k} and 
4,«(x,k) = (k X Ux,K, <,^'e)£e(«(x,K)), where < ordered k x ?ix,K lexicographically 
(if Wx,K is well ordered we can use k) where {P^ '■ e < otp(Mx,K)) is a partition to 
unbounded subsets, in fact, = k x {e} and ay^,K.j3 is a-^,i,a when /3 = (a,e). 

2) For X G pK^ ^ g and h G flOx let X[;j] be defined like x but Ix is replaced by 
Ix,/i = (Ix,i,/i(K(x,j)) : i G Ux) where Ix,i,a = (ax,i,/3 : P G [a,Kx,j)) and = 
(ax,i,Q : a G_[a^K),i G Ux,k). 

3) We say 6i,fe2 are x-similar when for every rt, (Vio G Ux)(V'^'<''' ao < Ki)(Vii G 
Ux)...(Vi„_i G Ux)(V'''<"-i'a„_i < Kj(ri-i))[tp(6i,U{aK,(^),a« : (■ < n} U Bx) = 
tp(62, U{aK.(j,j,Qj : ^ < n} U Sx)], where we stipulate = i{£). 

Definition 2.19. f) We say the decompositions x.y G pK^ ^ g are very similar 
when : 

(a) Mx = My,Wx = Wy, Jx = dy,Vy: = Wy,Wx = '"y,Cx = Cy (so Cx,i = Cy,i for 
every i) anc0 _Bx,i = -By^.; for i G Wx\wx 



may consider weakening it. 
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(6) for i G Ux, the indiscernible sequences Ix.i,Iy,i are equivalent, (i.e. have 
the same average over Mx, equivalently over £) ancf^ n^ i — Hy^i- 

2) We say x,y G pK^ ^-^ ^ are similar when = Vy,Ux = Uy and there is an 
elementary mapping g of £ witnessing it which means: 

(a) fl'(-Bx) = .g(By),g(cx) = Cy,g{d^) = dy and .g(Bx,i) = Bys for i € t;x\itx 
(6) for i G Wx\ux, 3(cx.i) = Cy^i and the scheme defining tp(cx,i,Afx) (equiva- 
lently tp(cx,i, Cx,<i + Mx)) is mapped to the scheme defining tp(cy_i,My); 
so if tx = 2 this means g(-Dx,i) = ^y,ij i-^- 9{D'^^i) ~ ^y,i' pedantically 
g{D^ n Def^g(g^^),Bx,») = Dy,, n Defy,^ n Def ^^(g^ (By 
(c) 5(Ix,i), Iy,i are equivalent indiscernible sequences and K^.i = Ky^i for i G Mx. 

3) Above we say weakly similar when (so possible Cx ^ fly) as in part (2) but 
for each i G Mx we replace the "are equivalent" in clause (c), by the indiscernible 
sequences /i(Ix,i), Iy,i being neighbors, (see here 11.351 6)) and k^j — Kx.j ^ i^y,i = 

4) If X, y are smooth we say they are smoothly immediately weakly similar when 
in part (2) we replace clause (c) by 

(c)' there is a one-to-one function h from flx onto Oy such that Kx,i = k =4* 
Ky^i = h(K) and for some one-to-one order preserving function from some 
infinite u Q k into /i(k), we have a G u A Kx.i — n ^ Q^x./t^ i," — '^y-Ky i,a- 

5) For X, y G pK we say they are essentially similar when there are smooth x', y' G 
pK^ ^ which are very similar to x, y respectively and are similar (by the definition 
in part (2); note that e.g. i?x,i, By i for i G Wx\wx may be different). 

Claim 2.20. Let K,p, and 9 > \T\ be as in \2.2\ and we let /ig he /io i/cf(/io) > 9 
and IJ.Q = iIq otherwise, similarly for /ij . 

1 ) Being similar, very similar, essentially similar and also weakly similar are equiv- 
alence relations. 

lA ) Being very similar implies being similar which implies being weakly similar 
which implies being smoothly immediately weakly similar. 

2) For K-saturated M ^ £, the number o/ x G pK^ ^ g up to weak similarity is 
< 2<^''>. 

3) For K-saturated M -< <t if 112 = jJ-t" and /i > |r| + 9, then the number of 
x G pK^ p g up to similarity is < 2<^'' -I- \a\^ . 

4) i^or x,y G pK^ p g we have: x,y are very similar iff x, y are <i-equivalent, i.e. 
X <i y <i X. 

5) If'x., y are very similar and 61, 62 G ''^ for some C < /ii, then hi, 62 are x-similar 
iff bi, 1)2 are y -similar; see Definition \2.19\ 

Proof. Easy (for essentially similar use l2.21f l') below). Il j^ ^01 

Claim 2.21. 1) For every x G pK^ ^ g there is a smooth y G pK^ ^ g very similar 
to X. 

2) Ifx G pi^K,^l,e o^*^ ^ G n "^x then X[^] G pK^ ^ g is very similar to x; see \2.18Y 2). 

3) In part (2), ifx is smooth then so is x^^j. 

4) If ^ qK^ p g and y G pK^ p. e '''^ very similar to x then y G qK^ ^ g . 
^^usually this follows, but not for stable indiscernible sets 
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4A) Similarly for qK'^^^ g and qK^_p_e . 

5) If X <E pK^ p. e is smooth then for every a G '^"^(Afx) for some h e Ilax also 
((Mx)[a],-Bx,Cx,rfx,Ixji) G P^K,fi,e «s smooth, even replacing £ by C^gj; a/so i/a = 
(. . . "or ■ ■ •)je«(x)\«(x) w'^e'^e G ">(Mx) or just Oi € ^">>(M^)^for every i G Wx\wx 
</ien /or some /i G Ilax iupZe (Afx, (^x.i + Si : i G Ux), Cx, (ix, Ix,/i) G pK^^j is 
smooth, see [KTW 2). 

6) S^^ (Sx ) has cardinality < |i3x 1^ when x G pK^ p, e is smooth. 

Proof E.g. for parts (5), (6) use[r34i;i). q^^l] 

We may formalize how "small" is _B+ for smooth x G pK^ ^ g. 

Definition 2.22. We say that f — {B, I) is a (/I, 0)-set or a 0)-smooth set when 
/2 = (/^2, Ml, Mo) a-nd for some u, w we have: 

(a) w is a linear order of cardinality < 9^ and u C w 

(&) _B = {Bi : i G we let B ~ U{Bi ; i G and each Bi is of cardinality 

< /io; but f = (i?, I) means i G v\u ^ Bi — B so in this case < fiQ 

(c) I = (I, : i G u) 

(d) li ~ {ai,a : a < Ki) is an indiscernible sequence of finite tuples, Ki G 
R-egn^2\Mi 

(e) (-6,1) satisfies the smoothness demand, clause (e) in Definition 12.181 and 
a, Ik., I+, Ok.q (for k G o, a G /+) are defined as there. 

Definition 2.23. 1) For f as in [2:221 we lei0: fXf^i = fie for ^ = 0, 1, 2, Uf = v,Uf = 
u, Bi^i = Bi,B[ = U{B[^.i : i G Wf \uf }, 1/ = I, If,^ = !«, af^i,^ = 0^,^, Of = o = {k^ : 
i € u}, etc.; for w C Uf let af,„ = {k^ : i G m}. 

lA) If X G pK is smooth then f = fx is defined by Vf — Vx,Uf = Ux,Bf,j = 
-Bx.i.Ifj = hence af.i^a = ax,i,Q for i G Vx\ux and j G Ux,a < KxJ- 

2) For u C uf let = Ujaf^i^a : a < and i G u} U Sf , if wc omit u we mean 

U = Uf. 

2A) For t; C -wf let = U{Bf,i : i G v\uf} U U{^f,i,a : « e u n U[}. 

3) We say f is an infinitary {p,,9)-set when £g{a{^i^a) is just < 9^ for every i G 
Wf,a < Kf^i instead of being finite. 

4) Let i{,h = (If,i,/i(Kf.i) ■ i & Uf) = {{of^i^a ■■ a < Kt and i G Dom(ft,) h{Kf.i) < 
a) : i & Uf) so h G Uaf. Let B^^j^ be defined as in part (2) using If^h- Let 
f[/i] = (-Sf , If,h). 

5) For g G Ilaf let ■^f,u,g = {h : h E J| (Kf,A5('*f,i)) ^i^d if i < j are from u 

and {ii G m : = k^} is well ordered and Kf^i — Hfj then h{i) < h{j)}; also for 
h G ^f,«,3 let af^u,h := {af,i,h{i) ■ i e u). 

6) We say that f is essentially well ordered when for each k the set {i G itf : Kf ,i = k} 
is well ordered by <t,; compare with Definition 12 .6f 1 1 ) . 

Claim 2.24. l)If{isa{fl,9)-set, \B+\ > 2 for simplicity and e < 9+ then S%B^) 
has cardinality < \B^\^ . 



^^This is an abuse of our notation as f does not determine fii in Definition l2.22l pedantically 
we can expand f to have this information. 
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lA) If m < oj and A C L(tt) is finite, then for some k we have |S2^' (i3^)| < |-Bjf I*"' 
whenever f is a {p., 9) -set, Uf is finite. 

2) If :x. € pKf- g is smooth then (i?x,Ix) is a {p,,6)-set. 

3) Iff is an essentially well ordered {p,,6)-set and e G ^^^C then for some h e Ilaf 
for some type q we have: g € Y[ '*f.i ^ A ^('^i) ^ 9{i) ^ A — 9ij) ^ 

tp((. . . "af,i^g(Q)" . . .),Bf + e) =q. 

4) If { = (-Bf,I) is a {pL,9)-set and C C £ /las cardinality < fiQ then (_Bf + C, Ifji) 
is a (/1, 0)-set for some h G Ilaf. 

5j //x G pK^ ft 9 is smooth then fx is a (/l, 9)-set, see Definition \2.23Y lA ). 

Proof. E.g. part (1) by 11.34( 4) using {(k, a) : k e o/ and a < k} ordered lexi- 
cographically; part (4) by ll.34f l) as in 12.21( 6). for part (3) recall the smoothness 
demand. Do Oil 



§ 2(C). Measuring non-solvability and reducts. 

The following is needed in §4, §5, it measures how far solutions are missing. 

Definition 2.25. 1) For x G pK^ ^ g let ntr(x), the non-transitiyity of x be the 
minimal cardinal A such that for some A C AI^ of cardinality A for no e G ^(Afx) 
do wc hayc tp(c?x, Cx + e) h tp((ix, + A). 

2) For X G pK^ ^ g let ntric(x) be the minimal cardinal A such that for some 
ifi — ^{xg, Xc, y) G F^, we haye ntr^(x) = A, see below. 

3) For (/? G rj,, let ntr^(x) be the minimal A such that no ip does A''"-illuminates 
(x, (y9), i.e. there is ^ C Afx of cardinality A such that for no ip{xg,Cx, e) G 
tp(rfx, Cx + Mx) do we haye ^Pixg, Cx, d) \- tp^(Jx, Cx + A). 

4) Let ntr^^^(x) be defined naturally. 

5) We say that if> does A-illuminate x G pK^^^ ^ when F^ = F^ and for eyery 
A C Mx of cardinality < A, some e G \M^) solyes (x, {p, A), (see[2T8tl),(3A)). _ 

6) We say ip does A-illuminate (x, F) or ^5 illuminate (x, A, F) when F C F^,'!/' = 
(V"!^ : G F) and for eyery A C Afx of cardinality < A for some e G ^(Mx) the 
sequence e solves (x, ■0, A). 

7) Similarly when F^ C F^. 
As in [2Tfl 

Observation 2.26. 1) IfxE pK^^ g and A = ntr(x) > 9{> \T\) then ntr(x) is a 
regular cardinal. 

2) If x £ pK^ ^ g and A = ntric(x) is singular then cf(A) < ^ -|- |T|. 

3) If 9 < cf(A) < A < ntr(x) then some tp — : (p G F^) does X-illuminate x. 

Proof. 1) Why is A regular? If A > cf(A), let A C M-^ exemplify the choice of A, 
let {Aa : a < cf(A)) be C-increasing, each Aa being of cardinality < A such that 
A = U{Aa : a < A}. For each a < A by the choice of A there is Ca G ^(Afx) such 
that tp((ix, Cx + Cq) h tp(c?x, Cx + Aa). 

Let A^ = U{ea : a < cf(A)} so \A^\ < 9 + cf(A) < A hence for some e G ^(Afx) 
we have tp{dx, Cx + e) h tp{dx, Cx + A^). Clearly e contradicts the choice of A. 

2) Similarly (as in l2.17f 2)). changing the ip^p^s. 

3) Similarly, as in the proof of 12.171 '-fe3Sl 
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Definition 2.27. 1) If t C tt and x e pK^ ^ g let xfr be defined like x but £ is 
replaced by £|"t and A/x is replaced by Mx|"t. 

2) If X G pK^ ^ g and v C Ux,it' ^ Wx then y = xf(u,ti;) is defined by My = 

Afx, Wy = W,dy ~ dx \W, Vy — V , Cy = Cx My = Ux H W, -By^i = Bx,! fOr i G Wy\'Uy 

and Iy,i = Ix,i for i £ Uy. 

Observation 2.28. Membership in pK^ p, e "i-s preserved under reducts, i.e. if t Q 
t{T) then xfr G pK^ ^ g[£|'r]; also and x.\{v,w) G pK^^^ ^ in the cases above. Also 
smoothness, "very similar", etc. are preserved. 

Proof. Straightforward. IZ j2 28l 

Claim 2.29. 1) If x G pK^_^ g and = 2 then tp(cx,A'/x) is finitely satisfi- 
able in hence for some ultrafilter on Deffg(g^)(_B^), we have tp(cx, Af+) = 
Av(Z3x, -A/x) in fact is unique. 

2) Ifx G pK^jj g and tx = then tp(cx,Mx) does not split over B+. 

3) Ifx.£ P^K.p..9 '^'^d tx = 1 then tp(cx,Mx) does not locally split over 

Proof. Straightforward. IZ j2 29| 

We can elaborate [2^1) 

Definition 2.30. 1) Let Dt be an ultrafilter on T)ei^{Ai) for I ^ 1,2. We say 
Di,D2 are equivalent when Av(Di, C) — Av{D2, C) for every set C C C. 
2) We say an ultrafilter D on Defj(v4) is (/2, 6')-smooth when ^(-B^) G D for some 
(/2, 9)-set f . 

Definition 2.31. 1) For x G pK such that tx = 2 let Dx be the following ultrafilter: 

(a) _Dx is an ultrafilter on ^x = {(cj; '■ i & Wx) : c[ G ^^'^'^^^Bi) if i G Wx\i*x} and 

c- G {ax,i,Q : a < Kx,i} if « € Wx} 
(5) {c' G ^x : £ h '/'(c',&]} e Av(D,e:)iff letting (^depend just on (Se.jgj,...,XE.(„_j,),«(0) > 
> ... > i{n — 1) and the formula (p{xcnoy, . ■ . ,Xcn„_i-^,b) belongs to 
Av(i:)x,i(0) X ^x,i(l) X ... X D^s{n^i),b). 
2) Above I?x.i is the natural ultrafilter. 

Definition 2.32. For a {ft, 9)-set f , set and A C C of cardinality < /xi, we define 
an equivalence relation S"^ ^ on S^(A + B^^ ) as follows: (if A = L(t7-) we may 
omit A) 

tpA(6i, A + S+„J<ritp^(&2, A + -B+^J iff (%(&i) = v = £5(62) and) for some 
h G Ilaf , the types tp^(62, ^ + B^u^ jJ, tp^(52, A + B^^) are equal. 

Observation 2.33. 1) On S^fj^ := {tp{e\v, A + B^^^^J : (Bf,„„ + e,if^h) is a 
{p,,9)-set} the equivalence relation S"^ is the equality. 

2) For X G pK^ ^ g such that (Va < k)(|q;|^ < k) and (V/i < fio){2^ < k) and 
fi2 — K letting f = fx see DeHnition l 2. 20\f lA ) and n < to and A C A/x of cardinality 
< jiQ the equivalence relation S'^ ^ has < k equivalence classes. 

Proof. Straightforward. IZ j2 33] 
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§ 3. Strong analysis 

In §2 we have dealt with pK and qK, here we use tK and vK. Now tK is 
the "really analyzed" case, one essentially with "dx universally solve itself so it 
is a central notion here. But we have problems in proving its density in enough 
cases (i.e. cardinals), so we use also a relative vK, weak enough for the density 
proof, strong enough for the main desired consequence. We do not forget tK as 
it is more transparent and says more. We give some consequences of x G tKK,p,e 
or X G vKK,;i,e- First, M[x] = M^q+^-^_^^^^ is (Dx,k)- sequence-homogenous (see 
I0.14f 1): so pcf, see |Sh:g| appears naturally when we try to analyze Dx but this 
is not really used here). This implies uniqueness, so indirectly few types up to 
conjugacy; this will solve the recounting problems from §(1A) but only when we 
shall prove density of tK or vK in (pK^^^ g, <i). We give sufficient condition for 
existence, using existence of universal solutions and prove it for k weakly compact 
when ||Mx|| = k. We end with criterions for indiscernibility related to tK. 

Note that tK is better than qK, but the relevant density result is for <i rather 
than <2, i.e. you may say that we add more variables to the type analyzed. 

§ 3(A). Introducing rK,tK,vK. 

So a central definition is 

Definition 3.1. Let tKx^^^^^e be the class of x S pK;^ ^ ^ g such that: for every A C 
Mx of cardinality < k there is (c,,(i,) which strongly solves (x, A) which means: 
c*"^* is from Afx and it realizes tp(cx~(ix, ^), of course %(c,) — £g{cx.), ig{dt,) = 
£g{dj^) and tp(dx, Cx + d* + c,) h tp(dx, Cx + d, + c, + A) by some i/;. 

Remark 3.2. 1) For <i-increasing chains in tK^^^^g the union is naturally defined 
(essentially see in I2.13r 2)) but it is not a priori clear it belongs to tK^^p^e, i-e. if 
(xq : a < (5) is <i-increasing in tK^ ^ g and S < 9^ then does the union belongs to 
tK„,^,e? 

2) To have enough cases when this holds we define a relative of pK which carries 
more information. 

3) Note that below 

(a) rK, tK, uK, vK are subsets of pK 

(6) rK®,tK®,vK®,vK® has the form (x, 7/',r) with ip^^s only for some (p gT'^ 

(c) sK®,uK®,uK® are similar but with ■i/;^'s only for (some) iy9 G F^ 

(d) the vK's and uK's use so-called duplicates (defined below) 

(e) uKf^^p^^g is a parallel of qK^ ^ ^ when we allow duplication, see I2.11T 1). 
\3M3c]. 

Definition 3.3. I) Let rK®^ p e be the class of triples n = (x, 'ip, r) such that 
(a) X e pK;, ^ 

(6) r is a type in the variables x^" x^"^ x'^" x'^, over if not said otherwise 
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(c) = {'^^{xa,xc,x'^,x'^) : G r|) recallin£|[2TIi;0)(A) 

(d) = r| C : = ^(xj, Xg, x'^, 4, y) e L(rT)} 

(e) ?/'<p(xj,Xe,Xj,Xg) G r for every </? £ r| 

(/) if A C Mx has cardinality < k, then some (c', c?') solves (x, -0, r, A) or solves 
(n, A); we may write c''(i' instead {c',d'); which means: 
(a) c'^d' is from Mx and realizes tp(cx"dx, A) 

Cx'dx'c'^J' realizes r, of course, ^^(c') = £g{cx),ig{d') = (.g{dy^) 
(7) if (y9 G Fx then tl;^{x^, Cx, rf', c') h tp;^((ix, Cx"rf'"c'+A) recaUing the lat- 
ter means {^pix^, Cx, d', c! , b) -.b £ ^aivv) A and € |= V3(dx, Cx, rf', c', 6)}. 

2) Let sK®^ ^ g be the class of tuples m = (x, -ip, r) such that: 

(a) X G pK;,^^,_^_e 

(5) r is a type in the variables Xc~ x^''y[g^, over if not said otherwise 
(c) 1/^ = (i/;^(xj,xg,f/[e]) : <^ G r|) 

where recalling l2.11f IB) 
{d) = r| C ^ : = (p(xj,xe,y[e],z) G L(tt)} 
(e) Vi^(xj,xg,?;[0]) G r for every <^ G r| 

(/) if ^ C Afx has cardinality < k then some e solves (x, T/ijr, A) or solves 
(m, A) which means: 

(a) c*(i*e realizes r 

(/3) i/;^(xj,Cx,e) h tp^(dx, Cx'e + ^) for every G r|. 

3) We define "very similar/similar/weakly similar" on rK® and sK® naturally, (and 
they are equivalence relations). 

Remark 3.4. 1) So arbitrary b C Rang(cx) is not allowed in clauses (/)(7) of 
[3311) and (/)(/3) oi^MXi- The reason is in the proof of [235i;3),(4), i.e. |Sh:900[ 
2.10,2.11]. We can partially allow it, see I2.15f 4). the "moreover", but not needed 
now. 

2) Note that for singular we get a better result for free (as in the case k = /i+ , /i 
strong limit singular of cofinality > 6* is easier, see l2.17f 2) and the proof of 14.111 

3) In Definition 13.61 below note that vK is a weak form of tK and uK a weak form 
of qK. 

Discussion 3.5. Concerning Definition 13. 11 [3731 and [3^ below: 

0) For the vK's, uK's instead of dealing with some </? G Tx/Fx allows us to deal 
with a so called duplicate. 

1) Note that tK® , rK® , vK®, vK® deals with while sK®,uK®,uK'* deals with 

X 

2) Note that uK'*,vK® have the witness w as part of the m while uK®,vK® do 
not. 

3) tK,uK®,uK®,vK®,vK® deal with ah formulas unlike rK®,sK®. 

4) vK,uK is the projection of vK®,uK® respectively to pK. 



but we may allow one 93 to appear more than once 
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5) What is the point of vK®^ ^ g? We do not deal with every ~ tpo e T^., we 
"translate" the problem of ipQ to a "duplicate" (p2 similar enough which is in F^. 

6) We can formulate [31i;3A)(d), more like|nii;3C)(a). 

7) rK is intended as a step toward tK (or vK). 

8) Note uK/uK®/uK®/uK® relate like qK/qK®/qK®/qK®. 

9) tK® is parallel to vK® just as it is parallel to vK®. 

10) Note that vK is defined as the projection of vK® whereas tK is only provably 
the projection of tK® when cf(K) > 2^. 

11) So vK®/vK® is not parallel to uK®/uK® but the latter is parallel to qK®/qK®. 

Definition 3.6. 1) In 13.11 l373l we adopt the conventions of I2.6f 2) concerning the 
cardinals. 

lA) If m belongs to rK®, let m = (x^, '/'m, ?'m) = (x[m], -0[m], r[m]) and AI^ — 
^x[m], etc. and = T^j^j, this may well be ^ r|j^j, seeE3i;i)(d). 

2) We define a two-place relation <i on rK®^g : {xi,^i,ri) <i (x2, -02, ^2) when 
xi <i X2 (in pK^ ^ g), Tpi = ■02 rr|^ (but dummy variables may be added) and 
ri C r2. 

2A) Similarly for sK® - g. 

3) Let tK®^ p e be the class of (x, tp, r) e rK® ^ - g such that r| = and r is a 
complete type, over if not said otherwise. 

3 A) Let vK®^^g be the class of m = (x, '0,r) e rK®^^g such that: for every 
(/9 e Fx there is an (m, (/3)-duplicate w = (?7o, i^o, ^^ii '?2, 1^2, f?3, ^^3, </5o, </5i, V2) 
which meanO 

(a) (/? = (^0 = Voixd,Xc,x'^,x'g,y) S F^ (as in Definition 12.1 if 0)f A). I3.3r i)(d)) 

(b) Vo, 11,112,113 G "^^5(4) and £5(770) = ■^ff(f?i), ^3(772) = ^gim) 

(c) 1^0, vi,V2, e ">-^g(cx) and £5(1^0) = £9(1^1), £9(1^2) = £5(1^3) 

(d) Lpi = (^1 (xj , xc.y^ , x'-^^^^ , x'e_^3 ,y)='Po 

(e) ^1 {xd,,,o , Xc,^o , x'd^rj2 ' ^E.'^s ,y) = 'P2 = 'P2 (^d, Xs, x'j, x'^, v) £ F^ 

6] = <y5i[dx,j;i'Cx,i/i,rf))3,c,,3,6] for every b G 

(h) V2 e F|. 

3B) For X G pK^ ^ e we say F is x — vK-large where F C F^ when for every ip G T'^ 
there is w satisfying clause (a)-(g) of part (3A) and (p2 £ F. 

3C) Let viKx^K,p,e be the class of x e P^\^K,.fi.e such that: for every (^(Sj, Xg, y) G F^ 
there is a weak (x, iy9)-duplicate w = {rio,i'o,Vi,i^i,'Po,Vi,V2) meaning ipQ = ip 
ancQ: 

(a) (771,2^1) — supp(i^), (see I2.10T 4)). i.e. 771,1^1 list w,v respectively for some 
{w, v) G supp((^) 

(b) 770,771 G ">£5(4) and £5(770) = £5(771) 

(c) 1^0,1^1 e '^>£.g(cx) and igiiyo) = £5(1^1) 



"^^may use a 'ij?^")^^^^^ = instead of d,-i,x^^; as we may omit x'^, no real change, in 
particular for normal x it is the same 

■^''We may demand 1/1 = vq; it seems there is no serious diforence. 
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(e) (^i(xj,,^,xe,^„,y) ee (/32 = ip2{xd,Xc,y) £ 

if) £ h 'Vi[4,^o,Cx,.o,^] = <^2[4,r,x,Cx,.,,6]" for every b G ^sfe)(M,) 

(g) some "0 illuminates (x, 1^92). 

3D) For X £ pK^ ^ g, we say F C is x — uK-large when for every </? G F^ there 
is a weak (x, iy9)-duplicate w, see part (3C). 

3E) Fet vKA,K,p,e be the class of x G pK;^ ^ ^ g such that for every A C A/x of 
cardinality < k we can find 4' ^-^d {c! ,d') such that: 

(a) as in[S3i;i)(f) 

if € r| then Cx, d', c') h tp^(dx, Cx^d'^c' + A) 

(7) r| is X — vK large, see part (3B). 

3F) We define uK® ^ p,e class of triples n = (x, r) S sK®^ ^ g such that 

C F^ is X — uK-large. We define vK®^ fie ^ the class of n = (x, -0, r) which 
belongs to rK®^ ^ g and F| C F^ is x — vK-large. 

3G) We define uK^ - g as the class of n = (x, V', t", w) such that (x, -0, r) € sK® - ^ 
so F| C F^,-)/; = (0^(Sj,Xg,y[e]) : = v{x^,Xc,y[0],z) e F|),w = (w^ : (/? G F^) 
recalling 12. llf OlfB) and: for every <p = (/^(ij, Xg, 2) € F^, w^^ is a witness of 
the form (770, 1'oi '7ii ^ii Voi '^ii (see below) and for every A C of cardinality 
< /i2 there is a solution e, i.e. e solves (n, A) which means: e € ^(Afx) solves 
(x,7/j,r) recalling I3.3f 2) (f ) and for every if the witness -w^ satisfies: 

(a) (rn,*^!) = supp((/9(xj,xg; j/[e],z)) 

(h) 770,771 e ">^5(rfx) and ^3(770) = 

(c) 7/0,7^1 e ">^g(cx) and £5(7/0) = ig{vi) 

{d) ip2 = Lp2{xd^^^,Xc,i,o,y[8],z) = Lpo^ (p{xd,Xc,y[e],z) & 

(e) ip2ix^^^^^,Xc,^g,y[e],z) =^2^ Lp2{xd,Xc,y[e],z) e F^ 

(/) £ ^ 'ViMx,,,o,Cx,,yo:e, 6] = V'2[cL,r,i,Cx,,/2:e,6]" for every 6 S 

(5) ¥^2 e F|. 

4) Let <i he the following two- place relation on rK®: 

(xi,0i,ri) <+ (X2, -02,^2) iff (xi,0i,ri) <i (xi,02,r2) and F^^ C F|^. 

4A) Let <f be the following two-place relation on rK®: 

m <f n iff m <i n and if = </5(2^<i[m] > Se[m] , x[j^^^ , x'-^^^ , y) e F^ then some 
w is an (n, (^)-duplicate, see part (3A). 

4B) We define <i'A)<fA similarly where A C F^^ and we demand to deal only 
with S A. 

4C) We define vKf'^ ^.0 the class of n = (x, -0, r, w) such that: 

(a) (x,7/;,r) GvK®^ - , 

(6) w = (w^ : ^ e F2) 
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(c) for = 'fiix^, Xc, Xj, Xg, y) £ we havj^ is c[3 ((x, "0, r), ((9)-duplicate, 
see part (3A). 

5) If (nie : e < (5) is <i-increasing in rK® then we let := U{me : e < 5} he 
naturally defined (uniquely up to "very similar" ) but it is not clear that e rK® , 
the problem is with l3.3T l)ff'). Similarly in the other cases. 

6) We define reducts, mfr for t C t{T) naturally. 

Note 

Observation 3.7. Let k> 9 and p, be as in Definition \2.SX 

V ^/ '-X — 2 and x e qK^ ^ ^ and Rang((ix) ^ then tp(dx,Cx + B^) '^'^^ 
realized in M^, moreover if d' G Rang((ix)\-^^x then tp(d' , + Cx) is not realized 
in Mx. 

lA) In part (1), even if tx ^ 2, it suffices to assume £ qK^ ^ g and d' G 
Rang(4)\A/x. 

3) For every n-saturated M there is x €z tKA.K,/i,e with — M, d^ — {) — Cx 
hence = = Wx, -Bx = 0- 

4) Assume cf (ac) > 2^ + |T| . Then x G tK^.K.^i.e iff for some ip, r we have (x, ^/j, r) G 
tK®^ - g with r a complete type over 0. 

4A) Similarly for vKx,K,f,,0, ^^®n,p,e- 

4B) Ifm— (x, -(/J, r) G vK®^ ^ ^ f/tew /or some w we /lawe (x, {p, r, w) G vK®^ ^ g. 

5) If me tKfi^p^g then Xm G tKA,K,p,0. 

m G vK®^ g then Xm S vKk,;^,^. 

6) IfxE tKA,K,;i,6i and y is defined like x replacing d^ by d^ Cx then y G tKA,K,/i,e 
and is normal. Similarly for vKA,K,;t,ej uKA,K,p,e• 
Proo/. 1) It is enough to prove the "moreover" . Let d" G Mx realize tp{d', _B+ + Cx), 
let t,, ^ Vx,v' = V + {t^,} and c" = Cx~{cfj, where c"^ = (d") and let y be like x 
replacing Cx by c", Wx by v' and letting -By,t. = {d"}- Clearly tp((d"), Cx + Mx) is 
satisfiable in By t, hence bv l2.f 5f 5) does not tx-split over it. 

So X <i y and clearly y is active in i*, hence "x ^ qKj^^g", see Definition 
l2.1If lV Now if ix = 2 by claim 12. 151^ 5) we have x ^ qK^ ^ g. 
lA) By the proof of part (1). 

2) For the first statement recall (from Definition 13. ip that a consequence of x G 
tKA,K,fi,e is the existence of solutions, but this consequence for x G pKa ^ ^ g implies 
X G qKA^„_p_e by Definition 12. Iir 2') so indeed x G tKA,K,/i,e ^ x G qKA_„.^.e. Also 
for the other statements see the definitions. 

3) Obvious (and see l2.13r 5)). 

4) ,4A),4B),5), 5A) Easy. Read the definitions for <J= and immitate 12.171 for ^. 

6) Straight (as in^J^^)). qjj\ 

Observation 3.8. 0) If m E rK®^^ then m G tK®^g <^ m m and m G 
vK®p,e ^ m <® m. 



^^may use u((/j, uq) but this can be absorbed as we consider ui = {0} for ip = (x^j^ = x^^) 
^^we may restrict ourselves to normal x (and m) and then demand tii = uii n £g{c:^) 
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1) partially ordered rK®^ g except that possibly -i(m <i m). 
lA) Similarly <f . 

2) Also on rK®pg we have <^C<®C<i and mi <i m2 <i ma <i m4 implies 
mi <i m4 anc? mi <i m.2 <f ma <i m4 implies mi <f m4. 

5; //X e pK,,^,e_i/*eri (x, (),0) e rK®- 

4) If m = {x,tp,r) G rK®-g a^rf x, y G pK^^ g are wer?/ similar then n := 
(y, e rK®^ , anrf m e tK®^ „ ^ n e tK®^ ,' and m e vK®^_, ^ n e vK®^ 

Observation 3.9. 1) //x,y G pK^ ^ g are very similar then x G qK^ ^ g iff 

Similarly for qK^^^^,, rK® _ tK® _ vK® _ uK,,^,^ uK®-,. i?.^., for 
such X, y; /or any -ip, r we have (x, ^, r) G rK®^ ^ iff (y, r) G rK® - g. 

§ 3(B). Sequence homogeneity and indiscernibles. 

We now try to prove that decompositions from tK and vK are "good" and 
"helpful". We prove for x G tK^.p.e that M[x] = M^g+_^^-^^^^^ defined in l2.6f 6). is 
K-sequence-homogeneous, see lO.lll this is nice, and help to prove that there are few 
types up to conjugacy because if M, N are (D, K)-sequence homogeneous models of 
cardinality k then they are isomorphic. 

Theorem 3.10. The sequence homogeneous Theorem 1) If 'x. £ tK^^^.g then 
is a K- sequence-homogeneous model for the finite diagram which we call Dx,' see 
Definition \OA^ l W^6). 
lA) Similarly for x G vK^./i.e- 

2) Moreover, if {s^ip^r) G tK®^g or just (x, ^,r, w) G vK^^g,x is smooth and r 
is a complete type then Dx depends just on T,ip,r,w , , {D^.i ■ i G Wx\ux) and 
tp(rfx"cx, i^x )• That is, if mi = {xe,'ip,r, -w) £ vKf ^ g for i = 1,2 and xi,X2 are 
smooth and similar as witnessed by g, see Definition \2.1 9Y 2 ) then g maps Dx^ onto 
Dx. 

Remark 3.11. We use a little less than the requirements in the definitions of 
tK^jj vKk,^,^; see the proof, i.e. in (*)i below there is ■(/'(xj, c, d*) G tp(c?, c"c?*) 
such that '(/'(xj, c"d*) h Lp{xj^,c,b,ai) but "0 may depend on &i,ai. 

Proof. 1) Let B = B^ and as usual let c = Cx, d = rfx- So it suffices to prove that 
:— M[x] = ^I[B+c+d] is a K-sequence-homogeneous model. 
Let / be an elementary mapping from Ai C onto A2 C in the sense of 
M"*" and \ Ai \ < k and bi € M and we should find such g D / for which bi G Dom(g), 
this suffices. Let A = S + A1 + A2 + 61. Let /o = /, /i = /Uid^ and /2 = /lUidg^j. 
By the definition of Af + the mappings fi , /2 are elementary (in the sense of £, the 
default value). As ^ C M has cardinality < k, recalling x G tK„_p_e there is c**d* 
in Afx realizing tp(c"c?, ^) such that: 

00 tp(c?, c + d* + c*) K tp(c?, c + d* + c* + A). 

But actually we need just 

©0 tp(J, c + J* + c*) h tp{d, c + A). 
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By the choice of (c*, clearly the foUowmg function h is elementary for £: 

0Q Dom(/i) = A + c + d and h\A is the identity, h(c'd) — "J*. 

Let /2 = /i U idg^_|_j^, so /2 = /i o /2 o /i"^ but /i and /2 are elementary so is 
elementary too. Clearly Dom(/2) = Dom(/i) + c* + J* = B + Ai + c* + J* C Mx 
and Rang ( = Rang(/i) + c* + J* = i? + yl2 + c* + C M,. Hence there is an 
elementary mapping gi such that gi D f!^ and Dom(5i) = _B + + c* + + &i 
and without loss of generality 62 := 5i(^i) belongs to recalling Rang(/2) C Mx 
and Afx is K-saturated. 
Let 52 = .91 U idg, next: 

01 (a) 52 is an elementary mapping 

(&) 52 is with domain _B + Ai + c» + + &i + c. 

[Why? Clause (a) as tp(c, Mx) does not split over B and 32 i2 ffi 2 /2 2 /i 2 ids- 
Clause (b) holds as Dom((72) = E)om(gi) U c by the choice of 51.] 
Now assume for awhile: 

02 ai e ">(B + Ai) antQe: |= (^[J, c, &i, ai]; let 0.2 = /i(ai). 
Now 

(*)o (a) /2 3 /i and 32 ^ D D /i 

(6) ai C (B + Ai) Dom(/i), hence 

(c) 52(01) = 0,2] also 

(rf) 52(61) = 51 (&i) = &2 

(e) 52 is the identity on i3 + c, + + c. 

[E.g. why clause (e)? By their choice, /i is the identity on i?, /2 is the identity on 
c, + and 92 is the identity on c hence by clause (a) we are done.] 

We know that tp(d, c + + c*) h tp(d, c + A) by ©o or ©q hence, (recalling 
di C B + Ai C A, see (*)o(6) + the choice of A and 61 e A by the choice of A): 

(*)i tp(d, c + d* +c*) h i^(Sj, c, 6i,di). 

So applying 52 recalling (*)o(e) 

(*)2 52 maps tp(d, c + d» + c») to itself 

As (*)i + (*)2 hold and 32(61) = 62,52(01) = 02 and 52(c) = c (by (*)o(d), (c), (e) 
respectively) recalling 52 is an elementary mapping by ©i(a) we get 

(*)3 tp(d, c + d, + c*) h i^(xj, c, 62, 02). 

So it follows that: 

©3 £ ^ <^[d, C, 62,d2]■ 



we can strengthen the demand on a\ to ai g "^(Ai + B + d* + c*) and change according 
in later cases 



DEPENDENT DREAMS: RECOUNTING TYPES 



49 



We have proved 02 03 when ai was any finite sequence from B + Ai. Recalling 
(*)o(e) and 52(61) = 62,52(01) = 02 and 52(c) — c, this means that 53 :— {g2\{B + 
Ai + bi + c)) U idj is an elementary mapping, so the function 53 = 53 \{B + Ai + 
bi+c + d) is an elementary mapping of £, so as 53 |'(-B + c + d) is the identity clearly 
5 :— 53 \{Ai + 61) is an elementary mapping in the sense of Af so 5 is as required. 
lA) The proof above works now, too, except that not necessarily 0o holds (and 
so ©0, too) which was used only in proving (*)i so in proving 02 03. Again 
it suffices to prove 03 assuming 02. Let ip = Lp{xj^,Xc]z,y) so there is ipQ — 
Voi.^d,riiT^c,vi', z,y) equivalent to Lp for some rji £ lg(dy^),vi G '^^£5(cx), hence 
by the Definition 13. 6f 3A). a degenerated casj^. there are ryo, vo such that 

(a) % e ">^5(4),i^o e ">^5(cx) 

(6) £5(770) = ^g(j]i) and ig{vQ) = ig{vi), all finite 
(c) £ 1= 'VoMx,>,i,Cx,i/i,6',a] = </5oMx,7,o:Cx,i.o'^''a]" 
for every h' G Mx, a' G ^f(«)(^x) 
©' there is d^.'^Ct, from Mx realizing tp(dx~Cx,^) such that 

{d) tp(Jx,r,o,Cx,^o +^^* +c*) ^ {<^o(ij,^o,Cx,,.o,6',a') : 6' G A,a' G ^f('^i)^ 
and £ |= </3oMx,r,o 1 ^x.^/o - 6', a']}. 

Now as in the proof of part (1) above we assume 

02 ai e "^^{B + Ai) and £ |= (^[d, c, 61, ai]. 

By the choice of Lpo this means that £ |= y'olc'x,!)!, Cx,i/i, 61, ai] hence by ©(c) we 
have: 

Recalling ©'(d), for this formula the proof of ©2 ©3 in part (1) works so £ ^ 
</3oMx,r,oiCx,i/o>62,d2]- Using ©(c) again this implies £ ^ (ySoMx,,,! , Cx,i/i , 62, 02]- As 
this holds for any oi G '^'*(i? + ^i) we finish as in part (1). 
2) Assume 

ffltK m, = (x,, 1^, r) G tK®^_g for £ = 1, 2 
or 

fflvK = (xf, V,r,w) G vK®^g for £ = 1,2. 

Assume further that 5 witnesses xi,X2 are similar; the proof is like the proof of 
parts (1),(1A) but we give some details. Without loss of generality 5 witnesses 
xi,X2 are very similar, so go = g\B^ is an elementary mapping from B:^ onto 

Let ci = Cxi,di = dxf . Assume G "^^(A/xJ for ^ = 1, 2. Let £ G {1, 2} choose 
c*~d* as in Definition for Ai _B+^ U a^, so 

(*)i/ (a) (i*,cf are from Mx, 

(6) <i^,cf realize tp(d£'c£,Af) 

(c) df'cf'd^'c^ realizes ri := r[m£] 

(d) (Q!) if ffltK then tp{di, c + di+ci)h- tp(j£, c + A^) 

(/3) if fflvK then (ciJi) solves {xe,i^,r,A), see^l){f). 

^^this is a weak version of I3.6[ 3A) as ri2 , 1^2 disappear 
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Let he be the elementary mapping with domain Af+Q+d^j/iffAf — idA,,he{ce''di) — 
c-i^dl, it is weh defined and elementary by the choice of d^. 

Now gl := h2 o g o is an elementary mapping by {*)ij{b), for i ~ 1,2. 
As gl^s domain is C and its range is C Aixa there is an extension 52 of 92 
to an elementary mapping with domain D Ai but C A/xi and range ^ A2 but 
C Mxj. Next extend 32 to the mapping g^ by letting 53(c) — c, easily also 33 is 
an elementary mapping. Let 174 be the mapping with domain Rang(c?i"ci*d],"c],) 
mapping di , ci , c?i , cl to ^2 , C2 , d^ , respectively, now 174 is an elementary mapping 
by the assumption on r. Easily gsiai) witness g maps tp(ai, 0, Mx^) G Dx^ to the 
member tp(5i3(di), 0, M[^^]) of T)^^. Similarly for g^^,d2, M[^^],M[^^]. 

So we are done. '-tXTU] 

Discussion 3.12. 1) Now we can start to see the relevance of tK,vK to the re- 
counting of types; of course, the following conclusion will be helpful only if we prove 
the density of tK (or of vK). 

2) Note that if we below like to use [37M l).(lA) rather than [3?T0r 2). we lose little 
using £{22^ : d < /iq} instead 2<'"'. 

Conclusion 3.13. 1) If K,,Ji,0 are as in Definition \2.S\ k = k^** = art(F^ 
2^ < K and M E £0^,^(7^) then the number of {tp{d, M): for some x G tK^^^^e we 
have d < dx; -^^x = M} up to conjugacy is < 2^^" + \a\^ . 
2) Similarly for x G vK^^^ g. 

Proof 1) By part (2) recalling |3I7i;2). 

2) By I2.21f 1) + 13.8( 4) we can restrict ourselves to smooth x G vK^.p^g. By 
|3I7i;4A),(4B) we can deal with {tp(d, M^) : m G vKf - g satisfies d < d^, A^m = M 
and, as said above, Xm is smooth}. 

Now if (x£,Vj, r, w) G vK®^ g, see l3.6f 4C) are smooth for £ = 1,2 and Xi,X2 
are similar as witnessed by g then g maps Dx^ onto Dxa , see 13.10( 2) hence by 
the uniqueness of the (D, K)-sequence-homogeneous model of cardinality k there 
is an automorphism f oi M such that g U / is an elementary mapping. Hence 
tp(dxi, M),tp(dx2, -Af) ^'"6 conjugate. We are done as: the number of relevant 
triples (V5, r, w) is < 21"^! and the number of m G vK®^ g with Mm = M, ('0m, rm, Wm) 
(V5, r, w) up to similarly is < 2<i'° + |a|^ if cf (^o)_> 9 and 2^'° + \_af if cf (/xq) < 9. 
The 2^^" /2^'-'-" comes from the type of 6x where consists of: &x,i listing Bi for 
i G Vjn\um and (ax,i,o" ■ • • 'o,:^,i,n~ ■ ■ ■)n<Lj (and of course the respective lengths, 
etc.); the \af is for the choice of the (k^^i ■ i G Wx)- 

Now for each x G vK^^p^e the set {d : d < dx} is < 9 (even allowing {d : d a 
sub-sequence of dx} gives 2* < 2<^"). Il jg j^g] 

Now we turn to proving sufficient conditions for (some versions of) indiscernibil- 
ity, they are naturally related to tK and vK. 

Claim 3.14. (c^'ds : s G /) is an indiscernible sequence over B when: 

(a) / G Kp a, see Definition \1.39\ 

(b) if s </ t are Ej-equivalent then tp(cs*ds, i?s) '~= tp(ct "dt, i?t) where 
(a) Ei^{{s,t):{3i<a){s,tEPi)} 

iP) Bt = U{cs^bs : s </ <}US 



^^without assuming it we have just to replace tK^^^ g/vK^ g by tK®- g/vK® - g. 
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(7) ^9{ds),£g{cs) for s e / depend just on s/Ei. 
(c) tp(cs,Ss) does not split over B 

{d) if s G P.- and t e Pj and s <i t then rij = tp(cs' Jg'ct'Jt, 0), i.e. depend 
only on [i, j) 

(e) tp{dt, Ct + Cs + ds) \- tp{dt,ct + ds + Cs + Bs) when s <i t 
or just 

(e)' ifs <i t,r]i e ^>egidt),ui e '^>eg{ct),V3 G ^>eg{ds),iy3 e ">^.g(c.) and 
,rii'^ct,iyi^x^^ ,^^,x^^ j^^,y) then for some r]o,vo,r]2, 1^2 (depending 
on {s/Ej,t/Ej,rii,i'-i,r]3,U3) but not on {s,t)) we have 

(a) r]o e and uq G ^^^"^^igict)) and 772 e ^sim) (^igl^d^)) and 

iy2e's(-^Heg{cs)) 
ifb&^3^y\Bs) then 

(7) tp{dt,r,o,Ct + ds + Cs) \- {ip{xg^^^,Ct^„^,ds,n2,Cs,u2,b) : b e ^3{v)(^Bs) and 

Proof. Recall E = {{s,t) : s,t £ P- for some i < a}. We prove by induction on n 

that 

(*)„ if So < • ■ • < Sn-i and to < • • • < tn-i and ^ < n ^ seEte then the se- 
quence Cso 'rfso " • • • "Cs„_i 'rfs„_i and the sequence Ct^ "Jto ' • • • "ct„_i "rft„_i , 
realize the same type over B^i^^g^ ^^y. 

The case n = : The desired conclusion is trivial. 

The case n= 1 : By clause (b) of the assumption, i.e. for any t* G I and i < a, the 
type pt = tp(ct"dt, Bt) is increasing with t € {s : s € Pf and t* <j s}. 

Th(> ;/ = + 1. =^ 0: 

By clause (b) of the claim assumption, without loss of generality = call 
it t{*) and let s(*) = min{so,to}- 

Let /o = idB,(.), let /i be the function with domain Ss(*) + c^o'dg^ + . . . + 

Cs^_j *(i.5^^_j such that /i D /o and fi{csf '' ds,,) = Ctf/'dt, for < m, it is an 
elementary mapping by the induction hypothesis. Let /a = /i U idcjf,) , it is an 
elementary mapping as tp(c((»), docs not split over B by clause (c) of the 

claim assumption. 

Let /a be an elementary mapping (in £) extending /a with domain Dom(/2) + 
= Dom(/iJ+Cs„'4„ = -B3(^)+Cs/(is/ . . . 'Cs„'ds„ and let 4^ = fs,{ds^) = 
fsidti*)) = fs{dt^) = /sKc*))- Let i,j < a be such that Sm-i e P/,Sm e P/. 
So 

ffli tv{d[^ , ct„^ + dt^_i + Ct^_i) = tp{dt^,ct^ + dt^_^ + Ct^_,_). 

[Why? By clause (d) of the claim assumption as s^Eti for £ = m—1, m and Sm-i <i 
Sm,tm-i <i tm we have tp( Jf^ " "Jt^.j 'c(^_i , 0, £) = tp((is^^Cs„ 'Js^./c^^.^, 0, 
By recalling the choice of /a, /a and d'^^ we have tp(rfj^'ct^'dt^_i'ct^_i,0, £) = 

tp(rf,,,„ '5,S„ ^ds,r,-l ^Cs,^_i , 0, £). 

Together we are done.] 

We shall be done proving for n (hence finish the proof): 
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Case 1 : Clause (e) of the claim assumption holds. 

ffl2 dt^,d[^ realize the same type over Cj^ + C where C = + Ct^'dtg + 

■ ■ ■ + ct^_^ "dt^_i that is Rang(/i). 

Why ffla holds? 

Clearly tp{dt^ , c*^ + dt„_i + ct,„_j ) h tp(dt^ , ct„^ + C) and together with ffli we 
are done. 

Case 2 : Clause (e)' of the claim assumption holds. 
So assume 

01 £ h 'Pidt^ 

">£5(ct„),r,3 G ">^g(Jt„_J,i^3 e '^>^5(ct,„_J ah finite. 

By clause (e)' we can find 770, vq, 7?2, 1^2 as there. 
By 01 and subclause {P) of (e)' we have 

By 02 and subclause (7) of (e)' we have: 

But tp((it^_^^,ct„ + Jt„_, + Ct„^_J = tp(Ji„,^o,ct„_i + dt^ + Ct,^_J by ffli so by 
03 we have 

•^o^dt^_,^^^,Ct^_,^^^,b] 

hence 

We can apply the elementary mapping /g"^ whose range include all of the elements 
of £ appearing in 05 hence we get 

06 £ H '^[^Sm ,r;o J ^Smji/Q J t^Sm-i ,r;2 J Cs„_i ,1^2 I /s (^)]- 

By subclause (/3) of (e)' and 06 we have (recalling from (e)' depending on s/Ej, 
but not on (s, t)) 

07 £ h ^[ds^ 

As this holds for any such ip we have finished proving (*)„ also in Case 2, so we are 
done. qHTTil 

Discussion 3.15. 1) Naturally we can prove finitary versions of l3.14l in some senses. 
Below we deal with k-indiscernibility; another variant deals with A-indiscernible. 
2) See [SHI 

Claim 3.16. The sequence (cs,o"c^s,o : s G /) is \i-indiscernible over Bq when the 
sequences {{dsi, Cgj) : ^ < k, s G /), {Bi :£<]<.) satisfy: 

(a) / G Kpu and ig{csj) and £g{ds^i) depend just on i and i(s) :~ the unique 
i such that s G P/; also Cg^i ^ Cs/+i, ds/ ^ dg.i+i for £ < h, s E I 
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(6) tp((is,k Cs,k, Bs) is C tp(ct^k dt,k, Bt) when s <i t A i(s) = i(t) (hence this 
holds for £ < k, too) where Bt = i?t,k and 
BtM = ^{dsycs^k ■■ 3 <i t} U Bk for fc < k 

(c) tp{cs^k, Bg^k) does not split over Bk and Bq C Bi C . . . C 

(d) if s € Pl,t e Pj and s <i t then rij = tp(cs,k''is,k'ct,k'<it,k, 0) 

(e) tp{dt,e, ct,e+i + ds,e+i + Cs,e+i) ^ tp{dt,e, ct,e + ds,e + Cs,e + -Bs,^) when s <i t 
or just 

(e)' ifs <i t,i < k,77i e '^>£5(Jm),i^i e '^>£9{ct,e),V3 G ">^ffK,^),J^3 G 
'^^(.g{cs^i) are all finite and 

h{TT),then we canfindrjo e'^>eg{dt,£),iyo e e.g{cij+i),r]2 & '^^ tg{dsi+i),V2 G 
'^^ lg{cs,e.+i) (depending on s/Ei,t/Ei,£,r]i,vi,r]3,V3 but not on {s , t)) such 
that: 

(a) £g{r]o) = ig{vi) and tg{vQ) = ig{m) and Igim) = Igim) and 19(1^2) = 

ifb€^3iv)^Bt) then 

b] = <fi[dt,e 

(7) tp(dt,£,^o,Ct,^+i + (is,^+i +Cs,^+i) I- tp^(df/+i,,,o, (Cf/+i,i.(, +(is,^+i,^2 + 

Cs,£+l,I/2) + -Bs,^)- 

Remark 3.17. 1) Note that (e) ^ (e)'. 

2) In clause (e)' wc may use "770 G "^(ig{dtjy' rather than "ryo G £g{dtj+iy\ We 
may add J* ^ such that J^,^ ^ ^ < ds,e+i and use J* ^ instead J^^f in clause (d) 
and above. 

Proof. We prove by induction on fc < k that: 

(*) if Qi,g2 G '=+^7 are </-decreasing, (V£ < fc)(3i < (T)[Q-i{i), Q2{i) G P/] and 

s <i 0-\(k),p-?,(k) then the sequences rfg,(o),k-fc^Cg^(o),k-fc' • • • 'c^e^(fc),k-fe^Cg^(fe),k-fe 
for ^ = 1,2 realize the same type over Bg^u-k- 

Case fc = : This holds by clause (b) of the claim as ig{Qi) = 1 = £g{Q2)- 

Case fc > : For t = 1,2, let p,, = {g,.{l + m) : m < k) and for i < k let Cp^^i = 
CpAo)/ ■ ■ ■ 'Cp,(fe_i),i and Jp^,i = (ip^(o),r_- • • "'?p,_(fe-i),i so the induction hypothesis 
applies and if fc = 1 then Cp^ « = c^^ (1) i, dp^^i — for i = 0. 

Note that Cp^^i is a subsequence of Cp^^i+i and dp^^j is a subsequence of dp^^i+i. 

By the case fc = 0, by clause (b) without loss of generality ^i(O) = ^2(0) call it 
t. So assume 

(*)i <^ = V'fe.,„_.>Sc.,„_.,Xj^^ and 

b G 'Bi^^Bs^U-k) and £ 1= (p[dt{l),n-k,Ct(l),a-k,dpi,n-k,Cp^,n-k,b]- 

We should prove the parallel statement for £12, i-e. for t and Q2- 

Subcase 1 : Clause (e) of the assumption. 

Hence by clause (e) there is a formula = V'¥>(%3,k-fc'%,k-)=+i>Sj^^(,)^_,+,.-*e„(o),k-.+i) 
such that 
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(*)2 (a) £ h 'i/'ip[(it,k-fc, ct,k-fc+i, dpi(o),k-fc+i, Cpj(o),k-fc+i] 

(6) V'ip(Sdt,k-fc'^*.k-fc+l,dpi(0),k-fc+l,Cpj(o),k-fc+l) l~ 
'/'fet k-fc' ^t.k-fe, rfpi,k-*;, Cpi,k-fc, 



Hence 



(a) £ \= t9^[ct,k-fe+iiC'pi,k-fc+i,Cpi,k-fe+i,6] where 
(6) i?^(xe^^_^_^^,a;^^^^^_^^^,a;g^^^_^^^,z) := 



(^^<i^,k-fc)[^v(^rft,k-fc ' ^ct_k-fc+i ; ^ 



Now 

(*)4 c?p^_k-fe+i ~Cp_ ic-fc+i "5 realize the same type over Sg k-fc+i for t = 1,2. 

[Why? By the induction hypothesis as b is from Bs,]i-k ^ Bs.k-fe+i-] 

{*)5 ct,n-fc+i'rfp,,k-fe+rcp^,k~fe+r^ reahze the same type over Ss,k-fe+i for t = 
1,2. 

[Why? As first, tp(ct,k-A:+i; i?t,fe+i) does not spht over Bs,k+i by clause (c) of the 
assumption, second rfp^, k-fc+i, Cp^,, k-fe+i, ^ are included in Bt.k+i and third (*)4.] 

(*)6 in (*)3(a) we can replace pi by p2, i-e. £ |= z9ip[ct_k-fc+i, rfp2.k-fe+i, Cp2,k-fc+i, 

[Why? By (*)5 and {*h{a)] 

£ 1= V'tp[c^t,k-*:, Ct^k-fc+l, rfp2(0),k-fe+l7 Cp2(0),k-fe+l]- 

[Why? By clause (d) of the hypothesis of the claim and (*)2(a).] 

(*)8 £ [= <,5[Jt^k-fc, Ct,k~fe, rfp2,k-fe, Cp2,k-fc, 

[Why? By (*)6 + (*)7 and the definition of -d in (*)3(6).] 
So we are done. 

Subcase 2 : Clause (e)' of the assimrption holds. 

Similarly as in the proof of 13.141 and see the proof of 13.211 ll jg 

Claim 3.18. The conclusions of \3.14\ \3.16\ and \3.21\ below still hold (and even {*) 
from its proof holds ) even under the following weaker assumptions 

(a) we add I,, C I for l = 1,2 and tel^teliVteh 

(b), (c), (d) the same 

(e), (e)' the same but only for Ii and for I2 (but not for Ii U I2) 

if) jfti<i t2,i e {1,2} andti G I.Xh-L andt2 G h^.V, andij £ (for \3.1b\ 
\3.21\ k is given, otherwise any k < then we can find sq < ■ • • < Sk-i 
from {ti,t2)iini2 such that s,, G P^^^^ for £ <k. 
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Remark 3.19. 1) The case which suffice in 13.231 below is Ii — [0,cj + cj),/2 = 
[0,uj + u + l)\{oj} which is somewhat easier. 

2) In the natural case, for decreasing g e we have tp((io(o) " • ■ • 'dg(n-i), Cg(o) " . . 
de(n)) I- tp(dg(o)" . . . 'dg(n-i)-i,Cg{o)' ■ ■ ■ "Ce(„) +dg(„) +Bg(„)) and it is quite nat- 
ural to use this. 

3) A variant is: e.g. (c^'ds : s £ /) is an indiscernible sequence over B when we 
assume (a) + (b) of Ell and (a),(f) of EH] and 

(g) if s G / and t G {1,2} then {ct" dt : t £ Ii and t > s) is an indiscernible 
sequence over B. 

Proof. It is enough to prove this when /i\/2, l2\Ii is finite (and has < k members 
for I3.16[ I3.2ip by induction on |/i\/2| + |-^2\^i| (probably losing appropriately in 
i for I3.16p . So without loss of generality this number is 2. By symmetry without 
loss of generality /i\/2 = {^i}, /2\-^i = {^2} and ti </ ^2- The rest should be clear 
by the transitivity of the equality of types. I.e. for notational simplicity concerning 
13.141 by it we know 

ffl if t e {l,2},t G /, then {cs'ds ■ s G (/<.)>«} is an indiscernible sequence 
over \j{cs~ds : s G /<t} U B. 

It suffices to prove 

© if So </ • • ■ </ Sn-i then for some tq . . . rn-i, (so all from Ii) the 
sequence Cs^ ' ds„ "... "cs„_i ~ds„_i realizes the same type over B as 

Why © holds? Now if t2 ^ {so, . . . , s„_i} this is obvious, so assume t2 = Sk{2), 
and let A;(l) be minimal such that ti </ Sk(i), so fc(l) < fc(2); we can even demand 
ti = 5/0(1)-!: but not used). By clause (f) there are rk(i) <i ... </ ^^(2) from 
(^i,^2)/in/2 such that k G [fc(l),fc(l)] A i < cr G P/ <J4> s^ G P/ and let — Sk 

for fc < n such that k ^ [k(l), k{2)]. 

So applying ffl for t = 2,t = ^^(i) we know that Crj.|.jj "dr^.^) ~ . . . "cr„_i '(ir„_i 
realizes over ^^^^^^j} the same type as Cs^^-^^'d^^^^^' . . .'Cs„_i'dr„_i. As 

Cs^'ds^ = Cr^'dr^ is from Bmin{sfc(i, .r^,!,} for k < fc(l) and {r^ : fc < n} C Ii we 
are done proving © hence the claim. Il jg 

The following may be used in 13.161 13.211 

Definition 3.20. Assume b — {{cs,ds) : s G /)) where / G Kp,a but below we 
omit b if clear from the context, and if we have {{cs^i, ds^e) : s G /) for £ < k we 
shall write £ instead of k. 

1) For k < Lu and g £ '^I let 

dg,h — dg(o),h ■ ■ ■ c'e(fc-i),b 

2) The sequences r]i,r]2 G ''I are called similar when they realize the same quantifier- 
free types in /. 

The following generalizes 13.161 using only formulas for some A's following the 
quantifier-free types in / and using a parallel of vK rather than of tK. 
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Claim 3.21. The sequence {ds^'csfi : s G /) is {A]^,^.) -indiscernible over Bq when 
the sequence ((rfs,^, Cs^e) : ^ < k, s G /) satisfies 

(a) (a) / G Kp^cr £g{ds^e),igicl g),£g{dl ^) depend just on £ and i(s) :— 
the unique i < a such that s G P/; also Cg^i ^ Csj+i,ds^i 53 ds^i+i for 
£ < k, s G / and Bq ^ Bi C . . . <Z Bn,' and Cgj, ds^i are finit^ 

(/?) for i < a and k let Wi^k = £g{ds,k),Vi^k = £g{cs,k) for any 
sePi 

(7) for k < ]s. let Rk = {tpqf (p, $, I) : g ^-^j <j -decreasing} and let 
i{rj) = i{rj{£)) ^ g{£) G P,\t^,y£gir) = £g{g) so ^ k when 

r = tpqf((3,0,/) G i?fe 

((5) /or £ < k., Ai and also A| is the closure of a finite set of formulas 
(each with finite set of variables) under permuting the variables, negation 
and adding dummy variables 
(e) A, C A| C Af+i C Ae+i 

(b) tpAk(rfs,k"Cs,k, Ss) is C tpA^ (ct,k"dt,k,St) when s </ tAi{s) = i{t) (hence 
this holds for fc < k, too) where Bt = -Bt,k o,nd Bt^k = ^{dg.k'^Cs.k ■ s </ 
t} \J Bk for k <'k 

(c) tp^t (cs.f , -Bs,£+i) does not A^^i- split over Bs 

(d) if s e Pi ,t G Pj and s <i t then rij = tp^^ (cs,k~ds,k~Ct,k"rft,k, 0) 

(e) tp((Jt,£, ct,i+i + + Cs,<'+i) I- tp{dt^e, ct.i + ds,£ + Cs,i, Bg) when s <i t 
or just 

(e)' if s <i t,£ < k,rn G ^>lg{dt,i),vi G ''>lg{ctx).m e '^>£g{ds,e),^3 e 
'^>£g{cs,t) are all finite and Lp' = '^'fet.f ,^1 > ^.^.^-i : ^^^ ,,,,3 > 4,,,,i.3: y) G 

Lfrr). t/tew we can find r/o € '^^ £g{dt,e+i), i^a e"^^ £g{cti+i),m & '^^£g{ds.e+i),'^2 G 
'^''£g{csj+i), (depending on s/i?i, 771, 1^1, 773, and if but not on 

(s, t)) such that: 

(a) £g(qo) = igim) and £g(i^o) = £g{m) and £g{i]2) = £g{V3) and £g{v2) = 

{P)ifb<^^a^y\Bt)then 

£ h ip'[dt.^+l.,■qo^ct.^+l.uolds.^.■q2l'^s,l,v2^^ = 'p'[dt,e,rjii^t,e,i^i,ds,e,rj3,Cs,e.u3ib] 

(7) ^p{dt,e-\-i,no:'^t,e+i+ds,e+i,Cs,e+i) 1^ tp^(c?(,^+i,^(,, {ct.e+i.iyo+ds,e+i,n2 + 

Cs, £+1,1/2) + -Ss)- 
by the assumptions on the Ai 's, (e)' is equivalent to: 

(e)" if s <i t,£ <k and if = (fQ = ipo{x^^ ^ , Xc^j,, x^^^^, Xs^^ ^, z) G A^ tfeeri. we can 
findLpi = (^i(ij.^,xe.^,x;^^_^_^^,4^^^^^,z) andij)^ = V'v^fe-.^^.f+i^Sd"^ 
depending only ifi{s),i(t),i and (p such that: 
(a) £ ^ VMt.£,Ct,£+i, Js/+i,Cs/+i] 

(6) for every b G ^^''^^^ (S^,^) we have £ |== (y3o[df/, Ct,£, c^/, 6] i/f £ h 



if we assume (e) then without loss of generaUty d* ^ = d^^i 
'this helps in phrasing the demands on the A^'s 
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(c) 2p{x^.^^,ct,e+i,ds,e+i,Cs.e+i) \- {(piix^. ^,c'^^g,ds,e+i,Cs,e+i,b) : b g 
and £ ^ (pi[d*g,c*g,ds.i+i, 6^,1+1; b]} 

Remark 3.22. Used in 13.231 [3.241 below (for the case we use (c)', (c); respectively). 
Proof. We prove by induction on fc < k that: 

(*) if £'i,£'2 e '"'^-^-^ arc </-decreasing, (V^ < k){3i < cr)[giii) , g2ii) £ Pf] and 

s <i £ii(fc),£<2(fc) then the sequences J(,,(o),k-/c'Cg,(o),k-fe" ■ • • ''^eKfe),k-fc'cg^(fc),k-fe 
for ^ = 1, 2 realize the same A^-type over Bs^k-k- 

Case k — : This holds by clause (b) of the claim as ig(gi) = 1 = tg{Q2)- 

Case fc > : For l — 1,2, let = + m) : m < k) and for i < k let Cp^^i = 

Cp,(o),i" ■ • ■ "Cp^(fc-i),i and (ip, ,i = Jp^o),r_- ■ • 'f^p^fc-i),; so the induction hypothesis 
applies and if fc = 1 then Cp^^i — c^^(i) j, dp^^i = for i = 0. 

Note that Cp^^i is a subsequence of Cp^ .^+i and dp^^^ is a subsequence of dp^ ,+1. 

By the case fc = 0, i.e. by clause (b) without loss of generality pi(0) = ^2(0) 
call it So assume 

(*)i t/' = <^(%,„_fc,Sct,„-fc,Sj^^_„_,>SE,,,„_fe>^) e A£ and 

6 e '^^'^H-Ss.k-fc) and £ ^ (/3[d(,n_fe, C4^„_fc, Jp^^n^fc, Cpi,„_fc, 6]. 

We should prove the parallel statement for g2, i-e. for t and p2', this will suffice. 

Subcase 1 : Clause (e) of the assumption. 

Follows by the second subcase, (and has easier proof). 

Subcase 2 : Clause (e)' of the assumption but we shall use the formulation of (e)". 
Hence 

(*)2 choose (^1, ipip and i?^ as in clause (e)" for /o(0), t (chosen above) and from 
(*)i, hence in particular 

(a) £ ^ ■0^[4,k-fe'Ct,k-fc+i,dpi(o),k-fe+i,Cp^(o),k-fe+i] 

(&) V'¥'(xj*^_^,Ct,k-fc+l,dpi(0),k-fc+l,Cpj(o),k-fe+l) <p(Sdt,k-fc'Ct,k-fe,dyi,k-fe,Cj/i,k-fe,&)- 

Hence 

(*)3 (a) £ ^ i9^[ct^k-fe+i, dpi, k-fc+i,Cpi,k-fc+i,^] where 
ib) i9y(xct^_^_|_j,a;'^^^^^_^^^,Xg^^_|^_^^^,z) := 

Now 

(*)4 dp^,k-fc+i"cp^,k-fc+i^& realize the same A^+i- type over i?s,k-fc+i for l = 
1,2. 

[Why? By the induction hypothesis as b is from Bg.k-k Q 5s,k-fe+i-] 
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(*)5 Cf ,n-fc+i 'rfi/,,k-fc+i "ci/^,k-fc+i realizes the same A^-type over Bs,k~fc+i for 
t = 1,2. 

[Why? As first, tp^. {ct,k-k+i, Bt^k+i) does not A^+i-spUt over Bs.k+i by clause (c) 
of the assumption, second dp^ k-fc+i, Cp^ k-fc+i,^ are included in Bt k+i and third 

(*)4.] 

(*)6 in (*)3(a) we can replace pi by p2, i-e. £ ^ i?^[ct^k-fc+i, dp2.k-fc+i, Cp^.k-fc+i, 
[Why? By (*)5 and i*Ua).] 

(*)7 £ h '/'¥'[f^t.k-fc,Ct k_fe+l,rfp2(o),k-fc+l,Cp2(o),k-fc+l]• 
[Why? By clause (d) of the hypothesis of the claim and (*)2(a)-] 

(*)8 £ h f[dt,k-k,Ct,\i-k,dp2,k-k,Cp2M-k,b]- 

[Why? By (*)6 + (*)7 and the definition of in (*)3(6).] 

So we are done. II j3 22I 

§ 3(C). Toward Density of tK. 

We first show that the existence of <^-extension for every x £ rK®^ g suffice 
for existence (i.e. for density) for tK. The main case in 13.231 [3.241 is a — uj. Then 
in 13.271 we prove this sufficient condition for weakly compact k. Note that for rK® 
closure under union is not obviously true. 

Claim 3.23. We have X5 e tK„,p,e, moreover m.s — {xs,ij's,rs) £ tK®^- ^ and 
e < (5 => Xg <i X.S when (5 < 6^ is a limit ordinal and): 

a) ~ (x^, -05, r^) £ rK®^ g for e < S is <i-increasing 

b) is a complete type, (over the empty set) 

c) <^ nie+i; see Definition \3. 6\f l) or just 

c) ' if e < S and ip G then for some C G [£,<5) we have ip £ T^^j^ j 

d) ms ^ Ll{me : e < (5}, see[KW6). i.e. 
(a) yis = Ll{x, : e < 6} , see\KB!(2) 
(P) Tps is the limi^ of {rp^ ■ £ < S) 
(7) rs = U{re : e < 6}. 

Claim 3.24. We have xs G vKk,p,6i moreover mg = {xs,'tps,rs) G vK®^ g and 
s < S ^ x^ <i xg when as in \3. 23\ except that we replace (c), (c)' by 

(c)i me <f me+i, see\3l6j(4A) 
or at least 

{c)[ for every e < 6 and ip G for some ( G (e, S) we have m^ <f m^, see 
Definition\3^4B). 

Remark 3.25. 1) We may weaken clause (b), i.e. r^, rg are not necessarily complete, 
still need sufficient condition for indiscernibility in proving ffls below. 
2) In 13.241 we can use vk®^ g. 
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But note that for e < C, the formulas in ?/)^ has more dummy variables than those in ij)^ 
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Proof. Proof of l3.23| 13.241 For simplicity we assume (c),(c)i in 13.231 [3.241 respec- 
tively, otherwise we have to use 13.211 (or use compactness). Let = dxc,ds — 
d^s I Ce — Cx^ and eg — Cx^ for e < 6. The main point is proving clause (f ) from 
Definition 

Let A C Afx be of cardinality < k and without loss of generality e < S ^ B^^ C 
A. We now choose Aa,da,s-,Ca^s,da,e,Ca,e (for e < (5) by induction on a < 
really a < 5 + S suffice, such that: 

© (a) da, 5, da ^e, Cq^e are sequences from Afx 

(b) lg{da,e) = ^9{de) and e < C < (5 = 4,c Ug{de) 

(c) £giCa,e) = tgiCe) and e < C < (5 Ca^e = Cq,C Ug{ce) 

(d) da^s = ^{da,e : £ < ^} and Ca,s = ^{ca.e ■ e < S}', actually follows 

(e) if e < 5 then Ca,e'da^e and c^'d^ 

realize the same type over Ap := A + T,{cp^s' dp^s :/?<«} 
(/) if a = e mod S then the sequence c^^ d;,' Ca,e~ da^^ realizes 
{g) if a = e mod (5 and = ^(i , x^^ , x'^^^^ , x^^^^ , y) G r|j^^j then 

'^'fi.^dcT^'^i da.eTCa.e) ^ ^Vipidei i^e da.e rfa,e)+^Q). 

This is possible by the assumptions recalling the definitions, that is, if e < (5 + (5 and 
a = e mod 5 then first we choose da^ei^a^e as required in clauses (f),(g), second 
we choose {da,s,Ca^s) such that clauses (a),(e) holds and da,e — da,s\ig{de),Ca^e — 
(^a,5 \£gij^e) and third define d^^c,^ ^a.c, as da ,5 \tg{dQ),Ca,5 Ug{cc) for C < (5 so clauses 
(b),(c) hold. 

So let Me = (e, 5)[J [5 + e,5 + 5); now 

ffli if < (5 and a G itc+i; then 
(a) cq" dc^" Cax' da,c, realizes r<^ 

(6) c^'rf^^ and Cax daX realize the same type over A^ 

(c) for 13.231 tpfd^^i r. c^^i /-^-i + daX+i + Ca.c+i) ^ ip{da+iXi^a+ix+i + 

for 13.241 li (f ^ (p{x^,Xc,x'^,x'^,y) S then tp{da+ix,Ca+ix+i + 

daX+i + CaX+l) ^ ^Pip{da+lX^ (Ca+l,C+l ^ daX+l~ CaX+l) + ^a) ■ 

[Why? Let a — e mod S so ( < e; clause (b) holds by clause (e) of ©, for clause 
(a) uses clause (f) of © noting that niij <i hence C {so ( < e suffices for 
(a),(b)). For clause (c), first assume clause (c) of 13.231 Note that <^ m^+i 
hence (by Definition I3.6r 4)) we have F^j^ j C F||j^ j. Second, assume clause (c) 

of 13.241 similarly using <f m,^.] 

Let D be an ultrafilter on S to which every co-bounded subset of 6 belongs and let 

^2 q — Qi^ds^^cs) ■= {^{^dsT^cs^b) : b e ^-^{As^s) and for some G I? we 
have a G Mx \= i}[da^s,Ca^s,b]} so q{xg^,Xcs) is a complete type over 

As+5 ^ Mx- 

Let d'g'c'g be a sequence from realizing ^(xj^ , Xg^). 

Let dg, be such that d'^ < dg, ig{d'^) — ig{de) and < Cg, £g{c'^) — £g{ce)- 

ffls if e < 5 ande — n mod uj and 7 G then (da^e'ca^e ■ ol G Ue+2n\lY {d^'c^) 
is an n-indiscernible S6QllGnC6 0V6r . 
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[Why? For claim 13.231 by claim 13.161 the version with clause (e) , for claim 13.241 by 
claim [3T6l the version with clause (e)'.] 

ffl4 if £ < ^ and e = n mod UJ then {da^e^Ca^e ■ Ot G U2e+2rin(5) "(d^ "c^) " {da^e'^Ca^e '■ 

a G U£+2n\'^) is n-indiscernible sequence over ^£-|_2„. 

[Why? By ffla, the choice of q{x^^,Xc/i) and the choice of {d'g, c'g), (d^, c^). Note that 
(5 ^ Ue by the definition of u^.] 

ffls if e < i5 and e = n mod lu and /3 G Me+2n\i5 and w C Us+2n H /3 and |ti| < n 
then Ce'dg and C/j+i^e'd^+i^e realize the same type over Ay^^+d'^+c'g where 

We elaborate the more complicated case. 

Proof of ^5 forBjl 

Let vi — v,V2 = V U J where e + 2n + 3<7<(5. 
So assume 

01 (a) <yf = 

(c) £ h '/'M/3+l,e,C^j + i,£,5i]. 

We choose 62 such that 

02 62 G ^^'"^H^V2.e) and 61,62 reahze the same type over Aq + c^+i.e+i + 

dp + l^e+l + Cp^e+l + dfi^e+l- 

[Why possible? By ffl4 and the choice of 7.] 
So 

03(a) £ h '/'M/3 + l,e>C,3 + l,e,62] 
(6) (th V[4,Ce,62]. 

[Why? Clause (a) follows by clause 0i(c) and the choice of 62, i-e. 02. Clause (b) 
follows from clause (a) by ©(e).] 

Let (771,1/1) = supPx(9?) and let (ryo,t'o)j'0 be as guaranteed in (a degenerated 
case of) Definition 13. 6r 3A) for if and ip = </?'(xj^ niT^ce,vny)- 

So 

So by the choice of (ryo, 1^0) and -0 

05 (a) £ h '^'['^e+l,»?o;Ce+i^^o,62] 

(6) = ^(Sd,+i.,„ , a;e,+i.„„ , a;;^-^^^ , x^-^^ J 

(c) £ ^ V[4+l,r,o)Ce+i,i,o,J/3,e+i,C/3,£+i] 

(d) £ ^ ??[ce+i,,.o,J^,e+i,C/3,e+i,62] where 

'?(^e,+i,„o , S j^^^ , Sg^+i , y) := 

(^2;d^+i,,o )(V'(a;d^+i,^Q ' ^s^+i.-o ' ^4+1 ' ^Se+i ) ~^ '/''(2;d,+i,,o ' ^s^+i'-o ' y))- 

Next 

06 £ ^ l?[Ce+i,i,o,(i^,e+l,C/3,e+l,6l]. 
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[Why? By 02 the sequences (i/3,e+i"c/3,e+i~6i, (i/3,e+i"c/3,e+i~62 reahze the same 
type over Aq D i?+ hence also over _B+ + Ce+i, so by 05 (d) we get the statement 
in 06-] 

07 £ h= '/''K+l,»;o'Ce+l,l.o:^l]• 
[Why? Recall by 05(c) we have £ \= V'K+i,»,o'Ce+i,,.o>'^/3,e+i>c^,e+i] so by 06 and 
the definition of i? we get 07.] 

By the choice of {rjo^i/o) 

08 £ h f'[de,m'^e,i^i,bl]- 

This means 

09 £ h v[de,Ce,bi]- 

As for any = ip{x^^,Xc^,y) and bi G ^^^^^A^^^ + d' + c') for some truth value t 
the statement 0i(c) holds for i.e. £ \= (^^[J^+i^e, c^+i^e, 61] hence by the above, 
see 09, we get £ ^ Cg, 61]. Hence we get the equality of types stated in ffl5, 
so ffl5 holds. 

fflg if e < (5 and e — n mod uj then {da'ca '■ a € U2e+n+2 H 5)' {d' ' c')' {da" Ca ■ 
a £ ii£+2ri+2\i5)"(ce"(ie) is an ri-indiscernible sequence over Aq. 

[Why? By ffl5 recalling 13. 18| the main point is that clause (b) there holds, except 
that for Je'ce we can use ffl4 and for this case we use ffl5.] 

This shows that for each finite v C 5 and e < 5, the pair (d^, c^) solves (nig, A^), 
but this means that {d',c') solves {ins,A) which is what we need. II j3 23I 

Conclusion 3.26. 1) If S < 6*+ is a limit ordinal and {{x^,-tjj^,f^) : e < 6) is a 
<i-increasing sequence of members of tK®^g, see Definition \3.1[ then the limit 
{xs,'tps,rs) belongs to tK®^^ and is a <i-lub of the sequence. 
2) Similarly for vK^^p^g. 

Proof 1) By [2231 as m 6 tK®^^ g,m <i n G rK®^ ^ m <+ n so we use (c) 
rather than (c)' there. 

2) Similarly bv l3.24f 2V so we use (c)i rather than {c)[ there. Il jg ^61 

Claim 3.27. Assume k is weakly compact > 9 > \T\. 

1) If {'Xi,'ipi,fi) £ rK^^K.e ttnd has cardinality n, then there is (x2 , "02 , ''2 ) G 
rK®^g which is <^ -above (xi,^i,ri). 

2) IfM£ EC«,„(r) and d G ^^>£ then for some m G tK®,,_e we have Mx[m] = M 
and d < (ix[m] • 

3) If M G EC«,„(T) then &1^^{M) has cardinality < k. 

Remark 3.28. Compare with |Sh:900| §4]. 

So for K weakly compact we can prove the density of tK®^ g (by 13.231 + 13.271 
above), hence using the (Dx, K)-sequence homogeneity (see Theorem 13. 10[ Conclu- 
sion I3.13P we can prove that there are few types (i.e. < n) up to conjugacy on 
saturated model (the proof in the end of §4 use only this). To get it for some 
smaller cardinals we shall need a replacement of weak compactness which is the 
major point of §4 and to get it for all large enough k we use v^K,p.,9- 
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Proof. 1) By 12.15^ 1) there is y £ qK'^ ^ g such that xi <2 y so dy = dxi and 
as we are using rK^^^.e without loss of generality Uy = . Let {Ma : a < k) 
be -(-increasing continuous with union Mx such that < k, for a < k. 

As (xi,V;i,ri) 6 rKK,K,e, for a < k we can choose {ca,da) from solving 
{xi,'4)i,ri,ea + Ma), see 1331; l)(f)- As y e qK^ ,^ g bv l2.15r 3) we have_y G qK^ ,, ^ 
so, see Definition 12. Ilf 2) for each a < k there are Cq £ ^(Mx) and V'a such that 
tp((iy, Cy + Bq) h tp((iy, Cy + Mq, ) ) accordlug to ipa- As k is weakly compact we can 
find ('0*, /) such that 

(*) (a) / is an increasing function from k to k so a < f{a), 

(b) V'/(q) = Vj* for a < k 

(c) {tp{df(^a)'cf(^a)'(if{a),dy + Cy + Ma) i a < k) IS C-increasiug. 

Let (c, d, e) from £ be such that c.''d~e realize U{tp(c^(c) "djjQ,-) ~ey(c), Cx+dx+A/a) : 
a < k}, but the pairs (c, d), (cy , dy) realize the same type over Mx so without loss 
of generality (c, J) = (cy,dy). 
Hence 

(*) for a < K the sequences Cy"dy~e and c^(q) "d/(a) eyj^) realize the same 
type over Ma- 

Now we can define (x2 , ?/'2 , J'l ) as follows: 

® (a) Afx. = Mxi 

(&) (ix2 = dxi "e = dy "e an(j^ 

(c) Cx2 = Cy 

(d) i?x2 — By and Wx2 = % and Ux2 = Wxi 

(e) is just putting together ipi and ^i* 

(/) r2 is such that r2 = tp(cx2 "dx2 'e"c/(a) 'd/(a) 'e/(a), 0) 
for unboundedly many a < k. 

Clearly (x2,V'2,^2) is as required. 

2) By part (1) and^MX). 

3) By part (2) and EH 



'no harm in demanding ttx^ = 
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§ 4. Density 

Our immediate goal is, concentrating on countable T, to prove density for tK^^^^e 
in some ZFC cases: k = 11^^,11 = 3s,ci{S) > 9. Wc do it in 14.111 when n — 1 and 
shall do it in §(5 A) when n > 1. The point is proving some e universally solves 
a given x £ qK^ ^ g done in §(4B) and for this we use the partition Theorem 14. II 
Theorem 14.61 is a partition theorem which is nicer per se, and is more transparent 
(and stronger in some respects, see also 18. 1|) . but it is not enough for helping in the 
proofs in decompositions. 

§ 4(A). Partition theorems for Dependent T. 

The following partition theorem will be crucial (in the proof of 14.71 and also will 
be used in l5.2p . We prove a nicer one later, but not useful here. We can below use 
"v finite, k — 1" in 14.11 see 14.4^ 3). For a case when the conclusion of 14.11 can be 
nicely phrased, see 14.51 In 14.11 we do not explicitly demand T to be dependent but 
clause (i) holds if T is dependent. 

Theorem 4.1. The partition Theorem 

There are S^i-positive sets ^\^n for n < k and a ^^2-positive set ,5^2 and h e Ilaf 
and Qn G S^"^""" (_BJ^,J + I]„C„) such that for every n < k, ^i.„4-i C c5^i_„ awtF^ for 
each s G for ^2-o.lmost every t G S^2 we hav^^q^ = tp^^ ((e^ ["t;„)" (e^ ["Wn), iJ^^^^ 
Cn), see WM 2) when : 

© (a) k < w and kn < w, fc„ > 1 for n < k 

(6) forn < k, A„ C ^{tt) is finite, eachip G A„ has the form (p{x[y^], y^^^] 

{c){a) { is a {p,,9)-set, see Definition \2. 2S[ \2.23i we use their notations 
Vn ^ V is ftnit^^ and C-increasing with n < k 
(7) Un ^ Vf for n < k, note v, Vf are unrelated objects 

and let u„.2 = m„ Pi Uf and = Un\uf 
(S) cf(n{Kf_i : i G w„,2}) = cf(naf,„„,2) < n 

(e) Wn C Wn+l C W = U{Wrn : m < Uj} 

(C) for simplicit]^ af,i.Q is a singleton for i G Uf,a < Kf^i 

(d) C L(tt) and C„ C€forn<k 

(e) (a) K — cf (k) and min{Kf.i : i G m„ H Uf } are 

> 3fc„(|Bf,„,^\„,| + |c„| + e),e>Wo + \vn\ + \un\ + |Ai I 

and Cn Q £ 

or 

[(3) K = cf (k) anrf B+^^^^^,w„, w„,C„, are finite 

(5) el£-<lfors£h 
(h) el G "'C: for t G h 

33can add s £ ^i,„ ^ tp(es, Bf^u„,h) = 9n 

'^'^could ask just gfA^ = tp^^ (gg "e; "af _Bf + C*) for every h g Ti{K,f ,i\hn{i) ■ i G Wn} 
does not really matter. 

''^instead finite" we can use v„ = e but C rj^j „ C L(ry), sce l0.13f 4') 
36 As we can work in C"^ this is not a loss. 
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(z) if n < uj, B C €,e € and {ae : £ < uj) is a (A,\, kn) -indiscernible 
sequence over B where £ < G £ then the set 

{£ < a; : tp^^ (a^ e,B) ^ tp^^ (a^ +i " e, _B) } is finite 

(j) &2 is a K-complete filter on I2 

{k){a) is a filter on Ii 

(/3) if\<i — uj then 

• '3>\ is complete 

• a < K ^ jaj^" < K. 

Remark 4.2. Similarly if T is strongly dependent (hence by jSh:8631 4.1] we already 
get some existence of indiscernibles) we can get more. 

Claim 4.3. 1) Assume T is strongly dependent. In \4.1\ we can use: A„ — = 
{if : ip ^ {ip{x[y^^],y[^],z) e L(tt)} but demand k = cf(K) > (|i?f,«„ | + |C„| + 

9). 

2) Similarly in \4.6] 

Proof. 1) Like the proof HH] but we just use |Sh:863| 4.1] instead Erdos-Rado the- 
orem. 

2) Similarly. E j^^ 

Remark 4.4. 1) A nice case is U{A„ : n < k = cj} = {(p{x[y^],X[^]) : ip e L(rT) 
and n < w} and y^{vn : n < w} = u and U{A^j : n < uj\ ~ ^{jt) and each A„, A^ 
is finite so T is countable. 

2) If we first replace (cx, dx) by ((), Cx"(ix) the way back is problematic! 

3) We could use v finite. Also we may use Ii = I = [M]^'^ and is a normal 
filter on /, it is natural in the application here (similarly for the definition of a 
(/2,6i)-sets!) 

4) In clause (c) ofHUl bv l2.24r iA'). it suffices to demand 

(c)' f is a (/i, 6')-set, A„ C \^{tt) for n < n and i G Wf \uf ^ Bf i = Bf. 

5) We have considerable leeway in the proof. 

6) In order to use infinite A„ at present we need a stronger assumption on T, see 

7) For transparency assuming k = 1, we can get also that for some q' for each 
t G ^2 for ^-almost s G ^1,0 wc have q' = tp^^ (cs'et, B^^^ ^ + C). 

8) In the proof we can demand that Sn,k has length k + 1 and so can demand that 
the game is of a fix finite number of moves, e.g. S{2 x ind((^) : ip G A„} + 1, on 
ind((^), see [021 

9) We can assume ^/ G ^/ for ^ = 1, 2 and demand ^i,„ C ,9'*,.9'i C but 
this does not add anything because we may just use 'S'g — Sl^ \.S^l := n ^/ : 

e ^4- 

10) There is no real harm if in 14.11 we assume v = w, i.e. I}oin{el) — Dom(e() for 
s G G h- 

11) Assume fi satisfies cf(nafi) < k (or k ^ pcf(ofJ; so we have /igi.ea G Ilcifi- 
Can we find h satisfying (Vso e ^i,o)(V®'si G ^i)(/Je,„,g,, < h)? seelETl 

12) We could have asked u„ C Vf instead u„ C Uf and use B^^^ instead of Bf u„ ■ 
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Remark 4.5. If you are interested in weakening the generality of the theorem for 
having a somewhat more transparent proof, note that the statement of 14. H is sim- 
phfied when we use a model M of cardinality k to which all relevant elements 
belong (as in the proof). Let {Ma : a < k) he -<-increasing continuous with 
union AI such that a < k =^ ll-^^a|| < So we can decide le = k^'Si a nor- 
mal filter on k, e.g. the club filter hence instead of "for every s G =5^i,m for ^2- 
almost every t G ^2" we have: if s S ^i^n,t G -5^2 and s < t as ordinals then 
Qn = tpA„((es tw„)'(ej \wn),B^,^^ ,^ + Cn). This is by normality of the filter. 

Proof. Proof of Let M ^ € include U{ef : s G If and ^ = 1, 2} U {C„ : n < 
uj} U . Let /i = min{fi£ : i < 2} hence fi < min(af). We can choose a, ^ = 
{a^.i,k ■ i G Uf) for k < uj such that (recalling Definition 12.23( 5)): 

ffli for every A C Af of cardinality < /i and k < lj, for some g £ Xlaf^u, we 
have: g < h eUuf^ut =^ tp(af,uf A + + C„ + J2 = tp(a*,fe, 

Bf + Cn+ J2 ^* .rn } ■ 

Let 

ffl2 = U{a*^„ : n < w} U i?f U C„ but if k < w, i.e. the assumptions of 
clause (/3) of clause (e) of © fails, then C+ = U{a„^ : n < fc„} U Bf U C„ 

hence 

ffls if n < k,C < /X and 61,62 € realize the same type over then for 
some g £ naf^u„, we have (C^ + ei + 62, If,M„ j.g) is a (/i, 0)-set and 61,62 
realize the same type over C+ + If,u„ 2,3- 
Choose ^„ such that 

ffl4 is a cofinal subset of naf,u„ 2 of cardinality cf(naf,„„ 2)) 
hence by clause {c){S) of the assumption 

Without loss of generality 

ffl6 {Bf.u^ i + C+,If,„,, 2) is a (/i, 0)-set for each n < k 
fflr krl = S{|A„| + |Ai I : n < k} or both are < Hq. 
Next 

(*)i if ^ = 1, 2 and n < k and ^ G then for some q = q^^n and h — h G 
■^n C naf,„„ we have yu.q & where J^^/j,, := {s £ ^ : (C+ + ef , If,„„,h) 
is a {p,,9)-set and g = tpL(^_j(eJw„, ,^ + C+)}. 

[Why? For each s e .5^ by 12.24( 4) there is a function hs G Haf^u^ such that 
(C+ + e^,If^/i) is a (^,6')-set; without loss of generality /is G 

But by clause (j) of the assumption, i.e. the K-completeness of ^2 and ffls there 
is a function /i G C naf^„„ such that J^' := {s € : hg < h and we can add 
hs ^ h} e Now 2l'^"l+l'^"l < K by clauses (a),(d),(e) of ©, hence for some 

(J5^", g) we have: C ^" g and s G J?^" ^ <? = tpL(^„)(ef , C+). By the 
choice of /is = /i and C+ it follows that o?^" C ^ so .^^/i q G is as required in 

Wi-] 
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We now define some games; for any 7i < k, 5 e ^n,<Z £ SJ^'^^ )(^/«„2 ^^'^ 
G we define a game D,y^n,g,q'- a play last w moves, in the ^-th move the 
antagonist chooses G and the protagonist chooses Si £ ^£ Ci . 
In the end of a play the protagonist wins the play iff : 

(g) (a) (C+ + E£<„e^^,if^„„^g) is a 6')-set 

(^) i^li I'^n : £ < is an (L(tt), A:„)-indiscernible sequence over 

(c) g = tpL(^„) (el^ r^^": -S^„„,g + Cn) so is the same for every £ <oj. 

AhernativeljEl (by {e){l3) of ©) we can define D'y n g q similarly but in the end of 
the play the protagonist wins the play iff : 

® (a)' as of ® 

(b) ' {el^ \vn ■ i < (jj) is a fc„)-indiscernible sequence over g + ^jt 

(c) ' tp^^ (e^^ \vn, C+) = {q\An) hence is the same for all i < uj. 
So only Qn '■— {q\An) matters and we may write D'y, n g q„- 

{*)2 if -y G and n < k then for some h G and the protagonist wins 
in the game 3'^^„^h,q- 
[Why? Let A = 2l'^"l+l'^"l + Hi, so by Erdos-Rado theorem and e(e) clearly 
«^ Ma"- 

For each h e and q G S"" (C+) the game „ ^ g is determined being closed 
for the protagonist, so toward contradiction let st y^n,h,q be a winning strategy for 
the antagonist. We choose Sa S ^5^ C by induction on a < k such that: for 
any relevant h and q in any finite initial segment of a play of n ?i g ^-"^ which 
the antagonist uses the strategy sty_n,h.q and the protagonist chooses members of 
Ii from {sp : (3 < a}, the last move of the antagonist is a member ^ of ^1 to 
which Sa belongs. So Sq just have to belong to < |[q;]<^''| + |^„| + |S^"^(C+)| < k 
setQ ^ G ^1, but ^1 is a K-complete filter so this is possible. As k = cf(K) 
is large enough without loss of generality (tpA„(esc t'^mC'^) : a < k) is constant. 
Now letting A„ = |S*''"^I'""I(C+)|, by clause (e) of the assumption we have k 
(o;)^" , so for some increasing sequence {a(i) : i < uj) oi ordinals < k the sequence 
(e^^^.j : i < uj) is (A^, fc„)-indiscernible over C+. We can find h G J^n such 
that (U{e(^^.j : z < a;} + C+,If,„„,h) is a {p,,6)-set. By the choice of C+ and of 
{a{i) : i < uj) it follows that (e^^^.^ : z < w) is (A^, A:„)-indiscernible also over 
Bfur, h + ■ So for some q the sequence (e^ . : i < w) is a result of a play of the 
game D'y „ ;j ^ in which the protagonist wins, easily a contradiction.] 

(*)3 for any .y G ^+ and 71 < w we choose {W , q, h, st,T) = 
st,5^,„,T^^„) satisfying: 
(a) /i G 



we may omit clause (c) 

'we use the second; presently it does not make a difference what we use 

'why is it < k? Recall \^n\ < by EI4 and |S^" < k by clause (e) of the assumption. 
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(6) W e and C ^ 

(c) if s e then q = tPA„(ei, + C7+) 

(d) st is a winning strategy in D'^ „ /i ^ foi' the protagonist 

(e) T = {s: for some m < io the sequence s = {^e,se : £ < m) is a finite 
initial segment of the play in which the protagonist uses st}. 

[Why? Easy by (*)i + (*)2-] 
Let X be large enough and 

(*)4 let ^ be the set of TV ^ (^(x), £, <x) such that: 

(a) £, f , M, (C„ : n < k), (e| : t e for ^ = 1, 2 and : n < k) belongs 
to N 

(&) the following function belongs to N: 

h^,n, Stj^^„, T^^n) 

(c) has cardinality < k and N D k ^ k (hence, e.g. n < k ^ ^„ C N) 

(d) if k = w then [Nf« C N. 

Now 

(*)5 for every G ^ we can choose tpf € n{y € ^2 ■ ^ & N}. 

[Why? Because &2 is a K-complete filter and N is of cardinality < k.] 

for every N e yV choose (o5^i St„, T„) = (0$^ N,n, qN,n, ^Ar,„, Stjv 

by induction on n < k such that: 

(a) (J5^i st„, T„) G iV is as in (*)3 

(b) .yi,n 2 yi,n+i 

(c) J5^i,„ G n TV 

(d) if s G J^i,„+i n iV then g„ = tp^ J(ei rv„)'(e2^ KO, + C+). 
We can carry the inductive construction. 

[Why? For n = choose .i^i^n, /i„,st„, T„ as in (*)3 with {Ii,n) here stand- 
ing for {y, n) there and as we are assuming N G ^/K without loss of generality 
they belong to N. Assume that the tuple <7n, ftn, st„,T„) was chosen and 

n + 1 < k. We try to choose Sn,k = {■^e, se : £ < Ik) by induction on /c < cj 
such that: s„_fc is a finite initial segment of a play of the g ame D'y? n h a 
which the antagonist uses the strategy st„ and Sn,k € N and if fc = m + 1, 
then for some I G [£m,tk - 1) we have tpA„((e^^ K)"(e?jv ^ftu„,;i„ + C'n ) ^ 
tPA,.((e.V, r^«), Sft„„,,„ + C+). 

If we can choosCj all Sn,k,k < w we get a contradiction to clause (i) of the 
assumption of the theorem. Obviously, we can choose s„_o- So for some k,Sn,k is 
well defined but we cannot choose Sn,k+i- 

Let 

y[ n '■— {-^f-k+i ■ some s = : ^ < + 1) G T„ we have Sn,k < s}- 

Let g„ = tpAj(ei^_f^ K)"(e?„ k«),-Sr„„,h„ + 



40of course, as is finite we can use a finite long enough game; part of our leeway 
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Lastly, choose (o5^Ar^„+i, q„+i ) as in (*)3 with (^i_„+i, n+ I) 

here standing for {S^,n) there. Clearly we are done proving (*)6, i-e. we can carry 
the induction.] 

So we have chosen ((/ijv,n, 'J'A'.n, -5^i.n) ■ n < k) for each N e -jy and it belongs 
to iV: if k < trivially by (*)6 and if k = w by clause (d) of (*)4 and let qn — 
U{q,n '■ n < k}. Also ^ is a stationary subset of [J^{x)]'^'^ by (*)3 and clause (k) 
of the assumption. Hence using the club filter on 

(*)7 for some ^i,„, hn, r„, for n < k the set :— {N G ^ : qN,n — Qn and 
'^N,n — -5^1, n for every n < k}. 

Let h G Httf be sup{ft.„ : n < uj}. So clearly any suitable q D U{(j,* : n < 
k}, h, (o5^i,„ : n < Lu) and are as required. II j4j] 

The following is a transparent "n(*)-dimensional" relative of 4.1 

Theorem 4.6. Assume n is regular uncountable, S!q is a filter on Io,!^i is a k- 
complete filter on li for non-zero £ < n,el "^W^ fgj- £ ^ g (z ^jif^ /\ c 
1j{tt), C Q €. are finite. Then there are a type q and ,5^^ G for I <n such that 
(V®«so e ^o)(V®isi G J^i) . . . (V®"-\s„_i G yn-i)[q - tp^(e°(o)~ei(i)" . . . "e^„-\,0) 

Proof. Let m{< i) — E{m(j) : j < i}. 

Stage A: We prove it by induction on n; for n = it says nothing, for n = 1 it 
holds by the pigeon-hull principle. So assume we know it for n > I and we shall 
prove it for n + 1. 

Let / = n and eg = e°/ . . . ~e^-_\ G for s G / and let F = {{s G 

e<n 

I : ^ \= ip[es,c\} : f = 'p{x[m{<n)]:y) € L(tt) and c G ^3{y}(r g^j^j foj- some finite 

Ci C £ and finite Ai C hirx) there are no (Ai, m(< n))-type q on Ci and sequence 

{.Yi : £ < n) e fl ^/ such that (V®»so G ^o) ■ • • (V®"-is„_i G ^n-i)[q = 
e<n 

tPAi(e(s«:£<n),C'i)] and ^(^(x[„«„)] , c) G q}. 

By the induction hypothesis F is a filter on / hence there is an ultrafilter on 
/ extending it. 

Stage B : 

Choose finite A^ C L(tt) large enough, i.e. such that 

(*)i if ei G for ^ < a; and {eg : £ < lo) is a A ^-indiscernible sequence over 

some set Ci C £ then for no formula ip{x,y,z) G A.,£g{x) = m{< n) and 
l g i^g{v)(r is the set {£ < cj: for some c G ^f(^)Ci we have € \^ tp{ee,b,c) = 
^(^(cf+i, 6, c) : £ < uj} infinite. 

Choose X and define as in (*)4 the proof of 14.11 For C C C define a game Dc- 
A play last uj moves (really < oj large enough suffice). In the ^-th move the IND 
player chooses G ^* n Def (M) and the antogonist chooses S£ G H Im 

such that G In the end of the play the IND player wins the play when 
{ei : £ < uj) is a A ^-indiscernible sequence over C. 

As in the proof of 14.11 see (*)2 there, the IND player has a winning strategy st, 
and let N G c/K be such that st G N and choose t* G /„ such that G ^„ n N =4> 
t* G .5?^, possible as ^„ is K-complete because n > 1. Let £ — and we now 
simulate a play of Dc called {{.S^i, sg) : £ < uj) such that: 
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(*)2 (a) the IND player uses st to choose ^ 

(6) the antagonist chooses si € I and in ^ such that if ^ > and 
it is possible then tpAi(4/eL^^) ^ tp^i (4^./e^. > C')- 
It follows that {S^i,Si) G N for ^ < and that for some > the demand in 
clause (b) of (*)2 is not possible. So for some q 

(*)3 (a) G D 

{b) tp/^i{el'ef^,C) — q for every s G 

By the definition of and of the game there is {J^e : £ < n) ^ Yl ^ there, 

e<n 

such that Yi — ^ ^^"i without loss of generality : £ < n) G N. 

We finish as in the proof of 14.11 '-bTBl 



§ 4(B). Density of tK in ZFC occurs. 

Theorem 4.7. Tfee universal solution theorem Assume T is countable, (k,/!,^) as 
usual, > and = Ng anrf ci{K) > 2^. 

// mi = (xi, -01, ri) G rK®p ^ and xi <i y G qK^ ^ ^ then we can find m2 such 
that mi <^ m2 G rK® ^ g and y <i x^a ■ 

2) Similarly but in the assumption y G iiK^ p g and in the conclusion mi <f m2. 

Remark 4.8. 0) Note that this theorem restricts the cardinals lightly, but for density 
of tK we shall have heavy restrictions, still ZFC ones. 

1) Part (2) is not needed for this subsection. 

2) If Mx G ECk,k(T) the proof is somewhat easier, similarly in 14. II 

3) There is no real difference between the two parts. We just deal with the set of 
pairs {ip,ip) where ip G Tximi] and ip illuminate {m,(p). 

4) In 14.71 we use t(xi) = 2 but with minor changes i(xi) = 1 is O.K., too; the 
changes are in ©5 — ©7. 

5) Concerning HIi;2) see[32i;3)(e). 

Before proving note 

Observation 4.9. 1) If (xi,'0i,ri) G rK® - ^ and xi <i y G pK^^^ g, then 
(xi,^Ai,ri) <i (y,V^i,ri) GrK®^g. 

IA) If mi G rK®^ g andci{n) > 2^,9 > \T\ then for some r2 = r2 (xgy , , ig^ , x j ) 
which extends r^ and is complete (over %) we have m <i (xm,'0m,''2) G rK®^ g. 

IB) If in (lA) in addition ci^n) > 2l'^='l we can demand r2 is a complete type over 
By; (similarly for B^ when \S^{B^)\ < k). 

2) If mi G rK®^ g and Xmi <i y G qK^j^ g and cf(K) > 6 > \T\ then 

(a) for some pair {tp, r) we have 'tpm-^ < -ip and T^^ = Fximi] U Txlm] '^"''^ 
(y,^,r™J GrK®^ , 

(b) similarly replacing F^ j^^j by F^ ^^^j . 

2A) Like part (2) replacing qK^_^_g, qK®^ ^ by uK®^_g,vK®^ g respectively. 
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3) Assume Si is a n-complete filter on a set I, e* G ^£ for t £ I, k = cf (k) > 21-^1+1^1 
and f is a {fL, 9)-set and n > cf(n{Kf i : i E Ux)}- Then for some q G S'> (i?f h), ■S^ G 

^ ) Similarly for sK® - g . 



and h £ Ilaf we have: q = tp(et; B^f^) for every t G . 



Remark 4.10. 1) Variants: for -0 enough if cf(K) > 9, see l2.26l 
2) Compare with [^T71 and 1^71 

Proof. Straightforward, e.g. part (2) as in the proof of r3.27f lV E j^^ 
Proof Proof of 

1) Without loss of generaUty y is smooth and for notational simphcity lo is 
disjoint to Uy, Wy and let x = xi 

(*)o let V, w, u be such that 

(a) V = (w„ : n < io) and iD = (w„ : n < lj) 
[h] C w„+i C Wy and w„ C w„_,_i C Wy 

(c) w„ is finite and Wn is finite 

(d) Vy = U{w„ : n < oj} and Wy = U{z«„ : n < w} 

(e) It = Wy U Wy U w 

(/) let u — {un : n < uj) where u„ = u„ U w„ U {0, . . . , n — 1} 
(g) let u{n) = Un, v{n) — w„, w{n) — Wn- 

We choose ((A„, A^, fc„, to„) : n < lo) such that 

(*)i (a) rn„ < is increasing with n 

{h) A„ C z[„]) : ip G L(tt)} is finite 

(c) A„ C A„_(-i in the natural sense, i.e. up to equivalence 

(d) A^ — U{A„ : n < uj} = {ip{x^y;^, zy^^) : ip G 'L{tt)} up to equivalence 
(*)2 (a) A^ C : G L(rT)} is finite 

(b) AicAi+i 

(c) = U{A,\ : n < w} z) : z = %] for some 

n, iy9 G L(tt)} up to equivalence, i.e. adding dummy variables 

(d) if .^(x[„,^],Z[„]) G A„ then some , y[„„], G A^ is 

equivalent to (p{x[u„],Z[n]) and some <^"(x[„„] , is 
equivalent to (p{y[u„],Z[n]) 

(e) the finite A^^ C A;^;^ and fc„ < a; are such that clause (i) of © 

of 14.11 holds for A„, see the way we use this proving (*)6 below. 

This is possible as T is countable, and for clause (e) of (*)2 as T is dependent. 

(*)3 / := ([A/x]^'', C) is cf(K)-directed and let Si be the club filter on /. 
Clearly 

(*)4 (a) if a < K =^ |q:|^« < k then S^(^^)(B+ + Cy + dy) has cardinality < k 
(6) S^*\b^^^^ + Cy + dy) has cardinality < k for any finite u{*). 
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[Why? Recall that we are assuming that y is smooth hence (-6+ + Cy + dy,Iy) is 
a {p,,6)-sei by 12.24( 2): now for clause (a) apply [1211 1) and for clause (b) apply 

So together by observation 14. 9f 2). 

(*)5 there are -1^2 and r2 such that, (recall [STTTf 3), (3A)): 

(a) (y, "02, ^"2) belong^ to qK®^ g for part (1) and belongs to uK®^ g for 
part (2) 

(6) -02 = (?A2,¥' : G Ti) where Ti = for part (1) and Ti C is 
y — uK-large for part (2), see Definition I3.6f 3B) 

(c) r2 = ^2 (x^ , , xj^] ) is a type over in £; may add r is complete but 
should at least contain ?/'2,<^(a;(i[y], aiefy]) for ip €Ti 

(d) for every A G [Afx]^" some e G '^(Afx) solve (y, -02, ^"2, see Defini- 
tion[lIIi;3) or[S3i;2)(f). 

For A £ I first choose (Ja, c^) solving (y, -0, r, A) and second choose Ea as in (*)5(d) 
for A + di + CA and let e = CA dA CA- 
Next 

(*)6 there are g^, g^, /i* and ye,n (for £ < 3, n < w) such that: 

(a) =^,,„ 6 ^+ 

(6) =5^£.„ C c5^f when n = m + 1 

(C) g^ e ^4"^''"^"^(S;,«„,..,„ + dy + -Cy) 

(d) if So S =5^0, n then for the {S^i + ^i_„)-majority of Si € =5^1, n (say for 
every si G =5^i,„,so) we have q° = tpAi^((e+ \m„)''{e+ \fnn), B+^^ ,^^ + 
dy + Cy) SO =5^i,„,so C ^i^„ belongs to &i + ^i,„ 

(e) if si G o?^i,„ then for the (f^/ + .5^2,n)-inajority of S2 £ ^2,n (say for 
every 53 £ =^2,n,si) we have = tp^i^((e+ [■m„)~(e+ t»7i„), + 

dy +Cy). 

[Why? We do it by induction on n replacing by /i„. For n = 0, without loss of 
generality m„ = 0, ho constantly zero and we can let J^^^n = / for £ = 0, 1, 2. For 
n = m + 1 we do it in two steps. First, letting f„ = {{By^i : i G w„\iiy), (ly^i : i G 
?;„ n Uy)) and applying Theorem 14.11 for k = 1 with {^j + ye,m, '5^e,m, (eAtwri : 
A G Afx,fn,Cy + Jy, A„, A^,fc„))f<2 here standing for (^^,=5^^,(6^ : A G 

/f), M, f , C, Ao, AJ, /co)f<2 there. 

We get hi ^o,n, € e Si*:;" (^y,.„,,.o + Cy + 4). 

Second, let m — ^2,m and we apply Theorem 14.11 for k = 1 with (^/ + 
^l^, {eA-.Ae yU,M, f„, Cy+Jy, A„, A,^, k)fci,2 here standing for (^^ , y^, {e'x : 
A G /,), M, f , C, Ao, AJ, fco)fco,i there. We get h^, J^l,,™, G J5^1™" (^y,„„,/,,i^ + 

Cy +Jy). 

Let /i* = supjft,^ : n < uj and £ = 0, 1}, i.e. k G Oy ^ hf.{n) ~ sup{/i^(k) : n < a; 
and £ = 0, 1}. Now for £ = 0, 1 and At G ^^,„ let =5^^,„,a^ = {^«+i £ ^f+i,™: we 
have ql = tp^^((eA, tm„)"(eA,+i + Cy +dy)}.] 



moreover we can demand it belongs to qK® - 
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We choose an ultrafiltcr ^ on / extending ^7 + S^\^n for every 71 < w so clearly 
A G / {B : A C B e /} e ^. Let e, G '^e: realizes vAVM) Av(^, {ca ■ A G 
I),dy + Cy + A/x), i-e. (clause (a) by the definition of Av and clause (b) follows) 

(*)7 (a) for b e ">(Mx) we have £ ^ ip[dy,Cy,e^,b] iff 

(p{dy, Cy, y[uj],b) _e p*(yH)_iff 

{Ag I ip[dy,Cy,eA,b]} £ ^ 

(&) e* exemplify ■)/), i.e. is as in (=i=)5((i) except that it may be ^ Afx 
(a) let Ti be 

(fo) we define Vi| = (V'2,<^ : G Fi) as follows: letting tp = ip{x^[y^ , Xg[y] , z) G 
Ts, for some no{ip),(f = ((fofe[y] , Se[y], 27[no(v)]) ^) and let ipi = 
V'2,vofe[y]>*5[y],y) where ^'2 is from (*)5(a) 
so really ipi = ip2{xa[y], Xs[y],y[ni(<p)]) for some ni{(p) > na{(p) 
and lastly let i/j^^ = ip^^ix^^y^, Xs[y],y[^]). 

{*)q without loss of generality tp(e, "dy'cy, Mx) is recalling u is from (*)o(e) 
P**ix[u]) = Av(^, (ca'^a'ca : a G /),Mx). 

[Why? By the choice of e, it is enough to have tp(dy ~Cy, Afx) = Av(f^, {(Ia'ca ■ 
A G I),Mx) which is easy by 3 ^/ and the choice of (J^,c^) for A G / after 

(*)5.] 

(*)io let e+ = e,~Jy"cy. 

We now consider the statement 

Kl for every A* C Mx of cardinality < k, i.e. A^, £ I there are e G "(Mx), d G 
«9(d[y])(Mx) and c G ^f(^M)(A/x) such that 
(a) e solves (y, -0*, r2, A,) 

(6) ((i,c) solves (mi, A) so ig{c) = eg{c^),£g{d) = £g{d^) 

(c) e'd'c realizes tp(e, 'dy'cx, ^*), but we do not say "tp(e*'(iy"cy, A*)". 

Why proving H is enough? 

Wc define X2 as (Mx^ , i?y, Cy, Jxi "e*, ly); so clearly y <i X2 G pK^^^ g. We 
choose 

(*)ii we define rs by: ra = ri U {(/5(5^[y] , Xe[y] , igj : (p(ij[y], ig[y], G 
recalling ri = r[mi] and r is from (*)5. 

Lastly, let 

(*)i2 V'3 = (V'3,¥> : e r^3), whercQ = ULi, see (*)5(6) (here it is 
convenient to allow repetitions of (ys's in tp; for part (2) we have to change 
more) where: 

(a) "03,1(3 = ■01,1^ if 1^9 G r|^, adding dummy variables recalling 0i = 

so = (V'l,^ : e r|^) 



'^■^if I = K, {Ma : a < k) our problem will be to choose the e'^, such that (tp (e'^ , A/q + Cy + dy ) 
a < k) is increasing 
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(b) ^p3.ip is 4'2.:p if 'Z' ^ using Wy + cu instead Wy, i.e. 

'^3,v{^d[y] ^H'%y]'*fi[y] ^[w]'^E[y]) 
= ^2,^ i^d[y] : ^c[y] , x'^^] ) ■ 

We shall show that the triple m2 = (x2,'03,r3) is as required. First, m2 G rK®^ 
all the requirements are obviously satisfied, e.g. for clause (f) of Definition IS.Sf l). 
given A £ I we can choose {e,d,c) as in Kl so ig{c) = lg{cxi),ig{d) — ig{dy:^) — 
(.g{dy) and let c! G ^^'(^^^'^(Mx) be such that c = c't£g(c) and c'"(i"e realizes 
tp(cy'dy"e,, A); this is possible as realizes tp(dx"cx, A) because by M{h) the 
pair (d, c) solves mi and d, c are from Mx. We shall now show that (d'e, c) solves 
m2. 

We have to check clauses (a), (7) of Definition 13 . 1 Hf ) . 

By the choice of c', c'~(d"e) realizes tp(cx2 'dx2 7 ^) = tp(cy'(dy"e,), A) so clause 

(a) there holds. 

Second, dx2~ c^' d~ c = dy' Cx d~ c, realizes ri = by clause (b) of Kl and the 
definition; in addition dy ' Cy ~ e realizes r2 by clause (a) of Kl. Together {dy' e'f)~ Cy~ {d' 
realizes by the choice of r2 above and the previous sentence; so clause (/?) there 
holds. 

For clause (7) there, recalling that = U Fy and we have to check a 
condition for each f £ F^^ . Now if 93 G F^^ the desired conclusion holds by clause 

(b) of Kl and the definition of "solve" . 
If <p € Fy, use clause (a) of Kl. 

So we have proved indeed that m2 = (x2, "i/is, r^) £ rK®^ g. In addition obviously 
mi <i m2. Lastly, mi <f ni2 by the choice of -(/iafFy, so we are done. 

So we are left with 
proving Kl holds: 

Let Ai. C Mx be of cardinality < k and we shall show that there are sequences 
e, d, c as required for A^ in Kl, this suffices. We can choose (A,^„ : n < uj) and A,, 
such that, without loss of generality 

fflo A^UB+ <Z A^^n e ^o,ri and let A,, = U{e;^^ ^ + A,^„ : n < uj} £ [M]<''. 

Recalling (*)6 let ^i'„ = n{^i,„,A.,„ : m < n} but ^i'„ C =5^i,„,a..,„ e ^/ + 
=5^1, m C ^/ + ^i^„ for m < n < w hence „ £ ^/ + ^i,™. 

Recalling (*)§ lelF^ A = {p : p a finite subset of p**{y[u]) with parameters from 
A**}; so clearly |A| < k and let A>„ = {p £ A : \p\ > n}. By the choice of e*,^ 
we can find {A{p) : p £ A) such that: 

ffli A{p) £ y[^n ^ I and eyi(p) realizes p and C when p £ A and 

For n < w let C„ be a member of J^2,n which includes U{eJ^^p^ : p e A} U A*, 

such that p £ A /\ \p\ = n ^ Cn £ ^2,n,A(p)i possible bv 14.11 the "^2-almost", i.e. 
recalling ^7 is from (=i=)3 as =^2,n,A(p) G ^^7+-5'2,n by (*)6(e) and the choice of Let 
^* be an ultrafilter on A such that pi G A => {p e A : pi C p} e Let = 
Av(^*, (e^(p) : p € A), U{C„ + ec„ : < 1^}), it is a type in Mx of cardinality < k. 
Recalling (*)8 let g**(x[„]) =_g**(^M' ^d[y]' ^e[y]) = Av(^*, (e^(p)"J^(p)'c^(p) 
^A(p) ■ ^ '-^{^" + + dc„ + C(7^, : ?T. < cj}), it is a type in Afx of cardinality 

^■^we could use parameters just from Jy + Cy + S„eyi^ ^ 
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< K and it extends q*{xi^]). Lastly, let c e ^^'-^y^M^, d E '^s(dy)[M^) and e G "(Afx) 
be such that the sequence 6+ = e'd'c realizes g** (xji^j , sjjyj, Xgiyj), we shall prove 
that e,d,c are as required in Kl; and let e+ = e''d''c. That is, we have three 
demands on e+, i.e. on e, d, c in Kl, noting e+ € "(Mx) recalling u is from (*)o(e), 
in other words, e, d, c are sequences of elements of Mx of the right lengths; let 
u = ig{e+) = egiet). 

First, clause (c) there says "realizing tp{ef,A^,) — tp(eH. ~dy 'Cj^, A,)" recalling 
(*)g; we shall show that moreover e"*" realizes tp(e+, A*,). This sufices as C A^.^,. 
Why "e+ realizes tp(e+,A„)" holds? Just recall = tp(e+,Mx) by the 

choice of e+ (see (*)7(a) + (*)8 + (*)9), by the definition of A and the choice of 
and e+ above. We shall deal with clause (b) in ffls below and with clause (a) in ffly 
below. 

Now 

and all e\ |"w„ for A G y(^n realize the same complete A„-type 
(can add same complete type) over 

[Why? First, recaling /i* is from (*)g there is p„ € ^^^\^y Vr^ h,) ^^'^^ that e\ 
(equivalently e\\un), realizes p„ when A G =5^i'„ by (*)6('^) recalling {*)2{d) and 
-5^1, „ Q '^i,n, see after fflo- For e+ by its choice in (*)7, the choice of ^ and the 
previous sentence; lastly, for 6+ it realizes q**{x[u]) and recall that B^UA^, C C„ C 
Dom(g*:„), the definition of q** and the previous sentence.] 

ffls e+ \un, e"*" tu„ and e\ ["u„ (for A G o?^/ all realize the same A„-type over 

[Why? Compared to ffl2 we add Cy. First, all the e\ for G -S^l „ realizes the same 
^n-type over Cy + B^ as this holds for B^ and recalhng l3.11f 4) the type 
tp(cy,Afx) is finitely satisfiable in B^ ^ and all those sequences are from A/x- 
Second, the equality for and e^'s as in the proof of ffl2- Third, for e+ and the 
ej^'s as tp(cy_^„,Mx) is finitely satisfiable in Sy when i(x) = 2 (also it is locally 
does not split over By^„,^ but have to do more earlier if tx = 1) and those sequences 
are from A/x, using ffl2 of course.] 

ffl4 if = V'(^d[x]7%x],2;f„]) and = {p G A : £ ]= ^[d^,c^,e\^p)]} belongs 
to ^* then £ ^ ¥'[(ix, Cx, e+]. 

This will take awhile. 

Recalling (*)ii note that 

©4.1 (a) = v(Srf[x] : Se[x] , y[u] ) e ri 

(&) (^1 = (pi(xjj^],Sg[x],y[^]) := il>2.,v 

(c) (^2 = (/J2(Sd[x]>^c[x],yM) = ^2,1^1- 

[Why? For clause (a) just reflect, for clause (b) and (c) recall (*)5.] 
Now: 

©4.2 (a) £ h 'Vi['i^x, Cx, ec„]" forn < a; 

(^) <y^'ife[xl:Cx,ec„) I- v(Sj[x]:Cx,eJ^(p)) for p G A^,n < w. 
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[Why? Clause (a) holds by the choice of (pi (in ©4.1), the choice of -02 (in (*)5) and 
the choice of the e^'s, in particular, ec„- 

Clause (b) holds by the choice of (pi the choice of ip2 (in (*)5) and the choice of 
ec„ recalling e^(p) C C„ for p G A by the choice of C„ after ffli.] 

Hence letting i?2 = 1^2 (Sc[x] , yfL] . y'„] ) — (VSd[x])('/'i(*d[x]. %x], y'L]) '/'(^dlx]. %x], 
we have 

©4.3 (a) £ h 'Vi[4, Cx, ecj" for n < a; 

(&) £ 1= "i92[cx,ec„,ej^(p)]" for p £ A<^,n < w. 

[Why? As e+(p) C C„ for p e A, n < w.] 

ByEU that is by {*)6{d), recalling A{p) e =5^/ |p| C ^i^[p|,A from ©4.3(&) as 
tp(cx, Mx) is finitely satisfiable in 5+ it follows that for some ni < uj (recalling 
Al = U{Ai : n < w}, Ai C A^+i by (*)i) we have 

©4.4 if c G ^f('^M)(B+) andp,(? e A>„i and n < w then £ ^ "i^2[c', ec„, e+(^)] = 

Hence by the choice of e"*" (after ffli) 

©45 if c' e ^9(s[x])(5+) j^j^^j p g ^^^^^ and n < w then £ ^ "7?2[c',ec , e+] ee 
'92[c-',e-c„,e-+p)]". 

As tp(cx, A^x) is finitely satisfiable in C A**, clearly 

©4.6 if P e A>„j and n < a; then £ |= "1^2 [cx, ec„, e+] = i?2[cx, ec„, e;^(j,)]"- 
By ©4.6 and ©4.3 (&) we get 

©4.7 £ h "^92[cx,ec„,e+]" 
which means 

©4.8 Vi{xdi^],c^, ecJ \- (/3(xj[x], Cx, e+). 
By ©4.3(a) we have 

©4.9 £ ^ ((5i[Jx, Cx, ec„] for n < ui. 
By ©4.8 + ©4.9 we have 

©4.10 e: h 'V[4,cx,e+]" 

So ffl4 has been proved indeed. 

ffls clause (b) of Kl holds (for our choice of e+). 

[Why? We have to check clauses (a), (/?), (7) Definition 13.3( 1) ff). For every A E I 
the pair ((iA,CA) solve (mi,y4*) hence dx " Cx ' rfyi " c^i realizes ri so recalling ejj = 
CA^dA^CA by ffl4 also {dx,Cx,d,c) realizes ri so clause (/3) there holds. Also as 
in the proof of ffl2 just easier, d'c realizes tp(c?x"cx, >i**) and is from Afx by the 
choices of e,d,c after ffli, so clause (a) there holds. As in the proof of ffl4 easily 
d'c and dA(p) "ca(p) realize the same type over Cx + for p G A. 
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Let LP = (/j(xj[x],Se[x],Sj[x]'^E[x]'^) ^ and b e ^s(y)(A^) be such that |= 
(p[d^,Cy,,d,e,b] soipi^^ = Vi.v'C^dM) Se[x] , ^ jf^j, Se[x]) S ri and ?/'i,.^(Sdlx]> Cx, dA(p), ca(p)) 

As V'l.v G ^1 necessarily \= "V'l.vlc^x, Cx, ^^(p), CA(p)] A i/'i.i^ldx, Cx, c]" and as 
dA{p)'^CA(p),d''c reahze the same type over A^, and as 6 C and the end of the 
previous sentence, '0i,v(2^(i[x] ; ^x, rf, c) h (^(a;j[x]j Cx, d, c, 5). 

The last sentence says that clause (7) from I3.3f l)ff) holds. Together indeed 
we have proved that d,c satisfies clause (b) of Kl, i.e. (d, c) solves (mi,^**) as 
promised.] 

We are left with clause (a) of S . For the rest of the proof let x^^ — "^dly] i -^c — -^sly] ■ 

ffle for (fi = (p{xj_,Xc,z) let ipo = 'p,tpi = Se, = where 7/^2 is 

from (*)5 and ip2 = Lp2{x3,Xc,y[uj]) ■= '02,(^1 so (p2 = i^^,^^ see (*)ii. 
Now to finish the proof of Kl(a) hence of the theorem, it suffices to show: 

fflr £ ^ (p2[dy, Cy, e] and p>2{x^, Cy, e) h y^ix^j, Cy, b) when (if we add e in 1^9 we 
have a problem in ©7.10 as the e is changed): 

(a) (fi = ip{xg,Xc;z) e Ti 

(6) £ h V[dy,cy,b] and 6 G ^^(^"H^*)- 

Why? So assume clauses (a),(b) of ffly and eventually we shall prove the desired 
conclusions of ffly. The first part, £ |= Lp2[dy, Cy, e] holds by ffl4 by 07.2(a) and the 
second part by ©7.10 below. 

Recalling the choice of -02 in (*)5 recalling ipo = ip and the formula </3i(xj, Xg, y[uj]) 
is equal to ip^p, clearly we have: letting I^, := {A <E I : b & ^9(2)^} and J — {b & 
^^'®(Mx):h^oM,c,5]} 

®7.i (a) £ ^ fiidy, Cy, e^i] when A € I 

(b) ipi{xg, Cy, e^) h (po{x^, Cy, 6) when A e n J 

(c) (y9i(a:j, Cy, e*) I- (/3o(5dJ Cy, 6) when A G J. 
Hence by (*)7(fe), recalling ip2 = 

©7.2 (a) £ ^ <^2[c'y, Cy, ca] for A G / hence £ |= Lp2[dy, Cy, e*] so 

{<P2(dy,Cy,y[^])} e A pedentically {(P2{dy,Cy,y[u])} G A where 
ip'2{x^,Xc,yiu]) = ip2{x^,xs,y[u]) 

(b) ip2ixg,Cy,e^) h c/?i(xj,Cy,eA.,„) for n < w 

moreover 

©7.3 (a) if p e A satisfies (/?2(rf, c, y^^j]) G p then £ |:= (^2K c, eA(p)] 

(6) if A G / then (^2(a;(i, c, e^) l~ {(/3i(a;j, c, e') : £ ^ c, e'] and 
e' G "^A} 

(c) like (a) replacing eA{p) by e*. 

So letting A* = {p G A : ip2{dy, Cy, y^i^]) G p} we have A* G f^* and let 

di = di{x-c,y[^^,y[^]) := {Vx^){ip2{xd,Xc,y[^]) (pi{xs,Xc,y[uj]))- 
So we have, by ©7.1(6) and ©7.3(c) as eA,,n Q A** C A{p) by ffli 
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But by 14. 11 that is, by {*)6{d) recalhng e^(j,) 6 |p| C .yi^ipi^yi, it follows that for 
some ni < u (as U{A^ : n < u} ^ A^j) we have: 

©7.5 if c' G «9(e[yl)(B+) and £ A>„, then 

C ^ "■(?i[c',e^(p),eA.,n] = i?i[c',e^(g),eA.,n]" for n < 
Hence by the choice of e 

©7.6 if c' G «9(e[yl)(B+) and p G A>„, and n < then 

As tp(cy, Afx) is finitely satisfiable in S^/i ' clearly 

©7.7 if p G A>„j and n < uj then £ ^ "i?i[cy, e, 6^,,^] = i^i[cy, eA(p), ba.,™]"- 
Next 

®7.8 if n < w then £ 1= i?i[cy, e, eA._„]- 

[Why? By ©7.4 + ©7.7 because there is p G A>„^ fl A* which holds as A>„j G ^» 
and A* G f^* and i^* is an ultrafilter on A.] 
So by the choice of i9i 

©7.9 (P2{X^, Cy, e) h (pi{x^, Cy, eA,.n)- 

By ©7 9 + ©7 i{b) applied to A = yl* „ we have (recall b is from ffl7 hence b C A■^, C 
A,) 

©7.10 'P2(id> Cy, e) h (/3o(Sj, Cy, 5). 

This proves the second clause in the desired conclusion of ffl7. 
So we are done proving ffl7. 

As said above (before ffl7) proving ffl7 finish the proof. 
2) We repeat the proof above with some changes. In (*)5(a) we replace qK®^ g by 
uK®- g respectively. We change (*)8 + (*)9 naturally and also the rest should be 
clear. ^- ^477\ 

Now we get a "density of tK^.^.e in ZFC" for = and some pairs k, fi. 

Conclusion 4.11. If T is countable, 9 = Ko,yLt is strong limit and (fj, > ci{p) > 
Hi A K = or = cf(//) = k), then for every m G rK®^ g there is n G tK®^ g 
such that m <i n. 

Remark 4.12. 1) Do we need cf(^) > 2*'? No, see [2T5t; i) and [2J9l but is strong 
limit" is assumed above. 

2) Recall that rK®^ g means rK® ^ g with — (/i2, /ii, /io) — ('^, /^)- 

3) This is enough for the recounting of types for k, strongly inaccessible. Also for 
K = /i+ , /i strong limit singular of uncountable cofinality, but only if /i = we 
can deduce the correct upper bound on the number of types up to conjugacy in 
S(M), A/ G ECa,a(7'), still if < the upper bound is ji, smaller than the value 
for independent T. 

Proof. We choose m„ by induction on n < w such that 
ffli (a) m„ G rK„^,,^e 
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(6) mo = m 

(c) r[m„+i] is complete 

(d) nijn <i m„ when n = m + 1. 
Why can we carry the induction? 

For n = 0, by clause (b) this is trivial. 

For n = m + 1 bv I2.15f 1) there is y„j such that <2 Ym G qK'^^^ g hence 

to qKj^^ g hence bv 12. 15^ 3) using our use of 0) rather than {k,^,6) we have 
ym e qK^,^,e; as cf (^) > Ho bv l2.17r i) for some we have (y„, -0„i, 0) G qK®^ g. 
Hence y^ S qK^ ^ g, why? li k — n trivially and if k = /i+ bv 12.17( 2). which is 
O.K. by the assumptions 9 < cf(/i) < /i. As cf(/i) > we have \B^\ < /i and as /i 
is strong limit we have ^k{\Bf\ +9) < fJ. for fc < w, so we can applv l477l 

Bv 14.71 there is n„i e rK®^ g such that m.^ <^ n,„ such that y„j <i Xn^^. 

Lastly, as k is regular > 2^, by Observation l4.9r iA) there is a complete r„ D r[n„] 
such that m„ := (x„^ , -(/in,^ , r„) e rK®^^ is <i-above n„j. So m„ is as required. 

Now n = lim(m„ : n < w) is as required bv 13.231 '-tUTT] 

Remark 4.13. Also 14. If] is enough for the "generic pair conjecture" for the relevant 
cardinals. 
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§ 5. Stronger Density 

§ 5(A). More density of tK. 

The following will help us to prove density of tK^^^^^e replacing k by k^" in 14. Ill 
Unfortunately, we are stuck in k"*"", still this gives more cases for the recounting of 
types. 

Claim 5.1. Crucial Claim There is an indiscernible sequence I — (cIq : a < A) in 
Mx such that letting a\ realizes Av(I, Mx + Cx), the types of ax and over My^ + c^x. 
are not weakly orthogonal when : 

(a) n, is regular 

(b) X e pK^ p^ g and tx = 2 

(c) A = ntric(x) is regular, see Definition \2.25Y 2) 

(d) (a) Ux is finite 

or just 

(/?) a<A^|apl<A 

(e) K > A > /ii > |Bx| 

(/) A > 2l^-l+« and k > 2^{\B^\ + 0). 

Discussion 5.2. 1) Recall ntr(x) is regular or is < 9, see Definition I2.25[ Obser- 
vation [^^SJl) but this is not necessarily so for ntri(.(x), on it we know only that it 
is regular or its cofinality is < 0. 

2) Why above "mx is finite"? Otherwise in 15.11 there is a problem. The reason is a 
pcf one: maybe A € pcf(ax.<A) where we let ax,<A — {nx.i i & u^^. and Kx,; < A}, 
even the case A G {kx,i : * £ "x} need care. 

Even under G.C.H., if A = X^i'^^ix) ^ ^ have a problem. The problem 
is in fixing the "essential" type of Ca for a e [ae,a^+i) over x; which has more 
information than its type over i3x but less than its type over and is preserved if 
we replace x by a very similar x', we can use just X[^] which is smooth see Definition 
[lISi;i),(2) andHmandm 

The first idea for saving the day was to get (e* : £ < A) tree indiscernible for 
some g = {ga G Hax.A : a < A) < -increasing and cofinal which is "nice". 
Did not seem to work. 

Second is a weaker version: demand something on (e*^, . . . , e*^_^) only when 
5eo < Sei < ■ ■ •• 

The second is not good enough to classify f^^g{—)- Still, when k = 
regular, fJ. — IJ,^ this may help but we prefer not too, when we can. 

The solution is to do it locally, i.e. to deal with local density for qK (in pK), 
deal with one if, then pretend you have no f and deal with the case Mx is finite, 
i.e. 14.11 whose original aim was to help 14.71 

3) The proof serves also for a related more local result, 15. 3[ there we just replace 
stage A; it also serves §(5B). 

4) We may use normal x so disappears. 

Proof. Stage A: By Claim [2?2n without loss of generality 



00 X is smooth (see Definition 12. 18|) so (Ix,k : k e Qx) are well defined. 
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As we are assuming ntric(x) = A is regular, so, in particular, of cofinality > ^, see 
Definition I2.25f 2) and bv l2.26f 3). there are "0,9?* such that (see Definition I2.25f 5) 
on A-illuminate, [lljg) for , [1I51;3A),(3B) on illuminate): 

Oi (a) ip does A-illuminate x so T^, 

(b) ip^ = Lp^{x^,xs,y) erl 

(c) Vv'. does not A+-illuminatS (x, iy9,) 

(d) without loss of generality ^p^^p, — ^ptp, 

(e) if A C Mx has cardinality < A then there is e G ^{M-x) such that 

tp((ix7 Cx"e) h tp((ix, Cx* + A) according to -0; follows by (a). 

Hence for some A 

®2 (a) A C A/x has cardinality A 

(b) for no e £ ^(A/x) does (xj, Xg, e) solves (x, A, (^*), see l2.8f lA) 

(c) let (cq, : a < A) list A 
®3 (a) let (fio = (p^{x^,Xc,yo) 

(6) (/3q — is (po if t = 1 and -k^q if t = 0, so -d^t are well defined 

(c) let 1^1 = V3i(xj, xe, e be tp^^ = 

(d) let Lp2 = ¥'2(xd> Se, e be 

(e) let ip3 = (fisix^, Xc, xjg]) G r^, be i/jcp^ 

04 (a) let Ao = {i9'^^(x[gj,x[gj,xe)} where i?;^^ = i?^, (xg, x'gj , Xfej), 
seelSmjlC) 

(&) let Ai = {z9^^(x|g],x|^],XE)} where d'^^ = i?^^ (xg, xjgj, xjgj) 

(c) let A2 C L(tt) be finite large enough such that clause (i) of l4.1l 
holds with (A„, A^) there standing for (Ag, A2) 
here and for (Ai, A2) here. 

Note that 

(8)5 n{Ai : i G Ux and A^ < A} < A. 
[Why it holds? By clause (d) of the assumption; important for 15.31 ] 

Stage B: Let / = ([A/x]^", ^). Recah that for every e G ^(Mx) for some h G 
n{Kx,i : j G M*} the pair {B^ + e, Ix,/i) is a (/i, 0)-set. 

Now let eA be as guaranteed by Cg)i(e) above for A ^ I. Let be the club filter 
on /. 

We appljSTheoremOwith 1, Afx, (Sx, Ix), {ca : A e I) , {Ea : A e I) , (Aq), (A2), f^/, &i 
here standing for k, AT, f , (e^ : A G /),(e^ : t G /), (A„ : n < k),(A^ : n < 
k), ^1, ^2 there. We get /iq, go, =^2 here standing for /i*, g, ^1,0, ^2 there. 

Next we applyO again with 1, A^x, (^x, Ix), {ca : A e /), (e^ : ^ G /), (Ai), (A2), &i \^[, @i \y( 
here standing for k,M,{,{e\ : A e I) , {e^ : s e /<;), (A„ : n < k), (A^ : n < 

■^^In the present proof, we can demand that no -0 does A+ -illuminate (x, ip) 
'^'^We could use A„ with union L(tt) if 8 = Hq = |T|, if so we do not have to care in choosing 
Ao. 
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k},^i,^2 there. We get ft-* , gi , , ^i here standing for ft,, q, ^1,0, =^2 there and 
without loss of generality J?b, =^1 C ,9'[. Note that qi G Sl+®(B+) for £ = 0, 1. 

Let h = max{/ig,ft*} and = i3x,M,,h and let S'^ = {3a + £ : a < X} for 
£ = 0,1,2. 

We shall show that there is a quadruple (TV, I, A, B^,) such that: 



ffli (a) 


^ = {Na : a < X) and I = (e^ : a < A) and A = {Aa ■ a 


<A) 


(b) 


Na -< Afx is ^-increasing 




(c) 


||iV„|| <A 




id) 


C iVo and G A^a+i; hence A + Bx C TVa := U{iVa : 


a <X} 


(e) 


i e Ux A |Ix,j| < A =^ Ix,j C iVo 




if) 


if i e Wx A Kx.i = A then ax,i,a ^ -^a+i for a < Ky^^i, hence Ix,i ^ A^a 


ig) 


ea G ^(iVa+l) 




(ft) 


tp(dx, Cx + Bq) h tp((Jx, Cx + (A^Q + B+)) according to 




(0 


Ca'daC ^'^>{Na+i) realize tp(cx"<ix, + B+ + e^) 
where tgica) = £gic:^)Jgida) = ^^(c^x) 




(j) 






(fc) 


e <^ a e S'f and = e^i^ 




(0 


if /3 < a and /3 £ 6*0, a £ 6*1 then go = ^PAoi^p'^a^ ^*) 




(to) 


if /3 < a and /3 G 5i,a G ^2 then qi — tp^^(e^"eQ,i3,). 




How? We shall choose NQ,ea,Ca,da,qa by induction on a satisfying 


the relevant 


conditions. 







In the induction step, first Na exists as it should just be -< Afx and include < A 
specific elements and has to be of cardinality < A. Second, A^ exists, if a 6 S*^ it 
can be any member of S^i satisfying < A requirements, each such requirement is 
satisfied by a set of A's from + which is a A-complete filter. 

Third, Cq. exists by the definition of A = ntric(x) and choice of ?/;, more exactly 
by 01(e). 

Fourth, c.a~ da exists as Afx is ^-saturated and k > A; so we are done carrying 
the induction. 

Let ui = {i £ Ux : Kx,i < A} and U2 = Uy\ui. For each a < A by I2.21f 5) we 
choose a function ft = ft^ £ n{Kx,j '■ i G "x} such that (i?x+-^a+eQ-l-(ix+Cx, Ix.ug./i) 
is a {fl,9)-aet recalling Ix,u2,?i = (Ix, 1^1(^0 : « G ^2) and Ix,i,?j(Ki) = : a G 

[h{Ki), Kx,i)}- 

So 

ffl2 {dx,a,i3 ■ P G Ix,d,ho,(d)) is indiscernible over B^ + Na + + dx + Sa + 
U{ax,CT,Q : cr G Ox\{9} and a G [fta(cr), a)} for every d £ Ox. 
Note that 

ffls we can replace ((A^^, c^, Jq, e^) : a < A) by ((U{iV^(^)+i : /? < 1 + a} U 
Na),Cf(^a)jdf(^a)j(^fia)) ■ a < X) whcu / : A — s> A is increasing (so a < /(a)) 
and £ £ {1, 2, 3} A a £ 5f =^ f{a) £ 5*^ . 

Hence recalling noting H(ax\A+) is A+-directed and cf(n(o fl A))) < A by C$15, 
for some ft* £ Ha we have £ < 2 A = sup{a £ 5*^ : fta["(i\{-^}) < ^i*} and 
ft* (A) — hence there is S" C A such that for every a < A there is /3 £ 5' such 
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that otp(5' n /?) — ah /\{a e Si) = /3 G S^) hcnc shrinking {aa : a < A) by a 

i 

subsequence and as we can replace ha by any bigger function in Ilax, without loss 
of generality 

ffl4 (a) /iQtOx\{A} = h^:, i.e. is constant 

(6) {ha{a) : a < A) is increasing 
ffls let = B^f^^ recalhng h.^. e n(o\{A}) an43 -B* = -Bx,h„ for a < A so 

a < (3 < X4 B* C B*p C B^. 

Also without loss of generality (cq.o : a < A) is with no repetitions. 

Stage C : Let -< be of cardinality < k such that B+ U Nx C N^. We 

choose N+ expanding TV* such that P^"- = \Nx\,Pf'' = {cafi ■ a < \},P2^ = 

{(a, ea,o) : a e Na,a < A} and F- ^ (ea^o) = ea,i for i < 0,P^^^ = {e^.o : a <E Si} 
for ^ = 0, 1, 2 so and the vocabulary t{N^) are well defined. 

We shall choose an increasing sequence {a^ = a{e) : e < A) enumerating in 
increasing order a thin enough club of A. 

We shall prove in this stage that there are iV® and (e* : e < A) such that: 

ffle (a) is an elementary extension of 

(b) e*e»{a:iV® h^2(a,e„(,+i),o)} 

AT® 

(c) el, = F^ ^ (elo) for i < 6l,e < A 

JV® AT® 

(d) e P4 and -^P^ ^ (e*^o> ea(e),o) 

(e) (e* : e < A) is an indiscernible sequence in N® \tt 
{f){a) e*{e < X),ea{a G 5*1) realize the same L(TT)-type over 

{(3) if /3 < A then all e* such that a{e) < f3 and such that 
a e 5*1 n /3 realize the same L(rT)-type over 

(7) if a < Q!£,£ < A and a £ Sq then ea'e* realizes go 
((5) if e < A, < a and a G ^2 then e*"eQ realizes qi. 

First note: 

fflg.i there is an increasing continuous sequence {a^ : e < A) of limit ordinals 
< A such that: for every n < oj, finiteFI A C U{r(e)^^ : m < oj} — [ip : 
ip — ip{xeg , Xei , • ■ • , Xe„^_^ ) and m < u!,ip £ 'L{tt)} and for every = Eq < 
El < ... < £„ we can find f3i G tte^^^) fl Si for i < n such that 
(e^o, e^j, . . . , e^„_i) is a A-indiscernible sequence (in AI^). 

[Why? For each such pair (A, n) define a game Da.m with n moves, in the m-th 
move the antagonist chooses an ordinal < A which is > sup{7fc : k < m} and 
the protagonist chooses 7,„ G [/3m , A) n . In the end of a play the protagonist 
wins the play when (e-),^ , . . . , e^„_^) is a A-indiscernible sequence. This game is 
determined so we choose a winning strategy stA,n for the winner. Let E = {S < 
K : a < I + S ^ ha{a) + I < S and S is closed under stA,n for every pair (A, n) as 

■^^thc difference between B, and _BJ is concerning Ix,a 

^'''Alternatively use finite u C £g{e(}),A finite C L(Ty) and get (e^Q ftj, . . . , e^^ fw) is A- 
indiscernible. 
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above}. As the number of pairs (A, n) as above is < 9 < X — cf(A), clearly E is a. 
club of K and let a = {a^ : e < k) list E in increasing order. 

It is enough to prove that the protagonist wins every such game Da.u- Now for 
each pair (A, n) if this fails the sequence {ea(k)+i ■ k < uj) has an infinite subse- 
quence (em) : i < n) oi length n which is A-indiscernible, hence the protagonist 
wins in least in one play of Da.h in which the antagonist uses the strategy stA.n, 
i.e. when he chooses 7,„ — Q!fc(m), it is legal by the choice of so stA,n is not a 
winning strategy for the antagonist hence it is for the protagonist c)„.a. So easily 
d is as required in ffls.i.]. 

Now let be a || A^AH^-saturated elementary extension of ^ by ffls.i we can 
find in it a sequence {e* : e < A) as promised in fflg- Note that clause (f) of ffl4 can 
be gotten by thinning the sequence (e* : e < A). 

Stage D : There is Nf such that 

fflr (a) Nf has cardinality A (by the LST theorem) 

(6) Nf \tt -< Afx (by renaming, possible as Mx is K-saturated while 

n>X=\\Nf\\) 

(c) if be '^>{Nx)_,e < A,-(5 £ L(tt) and a e {a^,as+i) n 5*1 

€ \= i9[ea, b, Cx] then \= 'd[e*,b, Cx]. 

[Why? As tp(cx,Mx) is finitely satisfiable in Bq and Bq C A/x, |i?ol < A^x is 
K-saturated.] 

(d) let iV; = Afx \{a e N® : N® ^ ^2(0, e*_o)} for any e < A. 
Now recall 

01 £ h "Vo[cx,eo(e),6]" whent e {0, e 'sivo) ^^^^^^^ and £ h <^*oMx,Cx,^] 
[Why? By the choice of ea(e) ^^'^ of recaUing ip^t = by 

©2 £ 1= (/3i[Jx,Cx,e„(g).] 
[Why? As (fi — ip^g, see (8)3(0) and the choice of the ea(£)-] 

03 £ [= 'Vf+iMx,Cx,ea] A i?^Jcx,ea,e„(£)]" when a G {a£,ae+i) and £ € 
{1,2}. 

[Why? As ipi+i = t/j^^, see 03(d) and ©2.] 

04 go tp^^(ea(e)"ea,-B*^^J when e So and a G (Q;e,Q;e+i) n Si. 

[Why? See clause {£) of ffli above, recall that go is from the application of Theorem 
14.11 in the beginning of Stage B.] 

©5 qo\B*p = tp^^{ea(e)'e*,B*^) when a^+i < P < X. 

[Why? By 04 and the choice of e*, i.e. ffl6(/)(7)-] 

06 £ h i^vi[cx,e*,ea(e)] iff [cx, e^, e„(e)] when e < A A a e {a^.ae+i) n Si] 
recalling G 5*0 being a limit ordinal. 
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[Why? By Se{f){l3) and as -d^-^ (cx, X[g],ea(E)) is a Ao-formula, see by (8)4(0) recall- 
ing tp(cx, Mx) is finitely satisfiable in as B'^ = B^^^.] 

07 £ h </32Mx,Cx,e*]. 

[Why? Clearly 1^93 = tp^^^ see (8)3(6) and are well defined and by 03 we know 
that € \= (y52[rfx, Cx, Be] for every a G (Q;e,ae+i). Let /3 e S'2\a(e-|- 1). Again by 03 
we have £ ^ ''i>^^ [Jx, Cx, e^] A i}^^ [cx, e/3, Ca]" for a G (a^, a^+i). 

But by ffli(TO) for every a S (Q;£,a£+i) n Si we have — tp^j^(eQ"e^, B*). 
So for every c G ^9(c^){^Bp) we have £ ^ "-(9^2 [c, 6,3, Ca]" iff i?;^2 (c, ' ^[e]) ^ 9i- 
Hence for every c G ^"''^^^(B^) we have £ ^ "t^^^j [c, e^, e*]" iff ^^^{c, x|gj) G qi. 
As this holds for every such c and tp(cx,-Mx) is finitely satisfiable in i?*, clearly 
^ 1= "'t?¥'2[cx,e/3,ea] = i?^2[cx,e/3,ej]" for every a G («£, a^+i) n S'l. 

By the conclusions of the last two paragraphs £ |= i5<^2 [^x, e/3, e*] and by the 
conclusion of the first of them £ |= '^p^p^ [dx, Cx, e/3] . Together recalling the definition 
of we get £ \= (^2[dx, Cx, e*], i.e. we are done proving 07.] 

08 £h "V[cx,e:,e„(e)]". 

[Why? Note £ [= [cx, Ca, ea(£)]" for a G (a£,aj+i) n S":. Let I = {c' G 
^9(e[x])(5^) . ^ "z9^Jc',e„,e„(,)]" but clearly I = {c' G '3(-cM\B,) : ^^2 [cx, , x(;,j) G 

go} so does not depend on a hence, second, I = {c' G ^9(=M)(Sx) : £ h 'J^i [c'], e*, e„(,)]}. 
As tp(cx, Afx) is finitely satisfiable in B^, we get £ \= d^p^ [cx, e*, eQ,(j)].] 

09 £_h "V'^,[Jx,Cx,e*]",£ h 'Vf'Mx,Cx,6]" and when h G (iV,(,)) and 
t\b] is chosen such that €\= -d t[B] [cx, e*, 5]. 

[Why? Recalling ipi^^ — (^2, note that £ |= Vi/ji [^x, Cx, e*] by ©7, i.e. the first 
conclusion of 09 holds. By 07 we have £ \= '&ipi[cyi,e*,ea{e)\ which means that 
i/'vi(Sj, Cx,e*) h (/3i(xj, Cx,eQ(e)). But(/7i ^ ip^a = V'-ipo so by 0i(d)-|-03(a)+03(6) 
we have V3i(ij, Cx, e„(£)) I- ipl{x^i,c^,b). 

As h is transitive we have -i/ji^^ (xj, Cx, e*) h (^Q(a;j, Cx, 6)* which by 07 means 
£ 1= ■dpQ [cx, e*, 6], i.e. the second conclusion of 09 so we are done.] 

Stage E: By the choice of (/?* = ipo and letting t/i = t/)^, and of the set A see 02 we 
can find 

(*)i an ultrafilter D on ^^^^^A^a) such that for every e' G *(Mx) and ?/'' sat- 
isfying V'(Sj,Cx,e') G tp(Jx,Cx + Mx) theH set {b G ^^'(^")(A^a) : £ h 
(3Sd)(V''(Sd>Cx,e') A (/9*(xj,Cx,6)) A (3xj)(i/;'(xj, Cx, e') A (ij, Cx, 6))} 
belongs to Z?; 

this is as in the proof of ?? or [^13r 2). i.e. |Sh:900[ 2.10=tp25.36] 

(*)2 For b G '^s(v\Nx) let £(6) = min{e < A : 5 C N^^^)} and 
(*)3 let t(*) be such that [b G ^^(^''(A^a) : t[5] = t(*)} G £> recalling t[6] G {0, 1} 
is such that £ |= ip^^^^ [dx, Cx, 6]. 

Note that 



^^can use "{6 G 
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(*)4 for every e < A the set {b G ^3(v)(^Nx) : e{b) > e} belongs to D. 

[Why? Otherwise ip{x^, c, Cg) contradicts the choice of D.] 

We use ultrapower to get (b',e') in £ reahzing = {i?((ix, Cx, y, xjg], a) : 

^ixs,xs,y,x[0],z) e Utt) anda e 'ai^^M^) and {5 e 'ai^^N^) : £ h c^, 6, e^*(-fe)' 
D}}. 

Now 

(*)5 (e* : £ < A)"(e') is an indiscernible sequence. 

[Why? By (*)6 below.] 

(*)6 e' realizes Av((e* : e < \),My^ + Cx). 

[Why? As (e* : e < n) is an indiscernible sequence (and T is dependent), the 
average is well defined. Now recall (*)4 and the choice of e'.] 

(*)7 ^v{dyL, Afx + Cx), tp(6', Afx + Cx) are not weakly orthogonal. 

[Why? By the choice of V and of i.e. as witnessed by tp*.] 

But (an important point for Claim [?75)) we need a more effective version of (*)7. 
Let piixj) = tp(Jx, + Cx) and p2(y) = tp(6', + Cx), j33(S[e]) = tp(e', + 

Cx) 

(*):/^ Pi(xj) Up2{y) U {(p*(xj, Cx,?;)} is consistent for t = 0, 1. 
[Why? By the choice of the ultrafilter D and of the sequence 6'.] 
(*)8 € 1= ip^, [dx, Cx, e'] and £ \= J?_^t(.) [cx, e', 6']. 

[Why? Because by (*)4 and ©g for every b G ^^'-'^^Nx) wc have £ ^ tp^^ [dx, Cx, 6^(5)] 
and € \= i3_^t[5] [cx, €^(6), 6].] 

(*)9 Pii^d) Up3(^[e]) U {±7/;^.(xj, Cx,i[0])} are consistent. 

[Why? First, clearly £ \= -0^^ [dx, Cx, e'] by (*)8 hence Pi{x^)Up3{x[0])U{tp^, ( Xj_, Cx, 2;[e] 
being realized by d^ e' is consistent. 

By (*)7 for some J' realizing pi{x^) and 6" realizing P2{y) recalling t(*) is from 

(*)3 we have £ |= ^(/s*^*-* [J', Cx, 6"]; as Pi{x^) = tp(Jx,-A^x + Cx) without loss of 
generality d' — d^- As tp(6", Cx + Mx) = P2(y) — tp(fe', Mx + Cx) for some e" we 
have tp(5""e", Mx + Cx) = tp(6'"e', Mx + Cx). 

Note that £ ^ ^^^^m*) [cx, e', 5'] hence by (*)8 we have £ ^ i^^^M*) [cx, e", 5"]. 

Now if £ 1= ■01,3. [dx, Cx, e"] then by the definition of i9<^^.t, see Og and the last 
sentence, £ \= ift^*\dx,Cx,b"] but Jx"e" realizes Pi(a;j) U P3{x[g]) wc have a con- 
tradiction to the choice of b" hence £ ^ ^ipip [dx, Cx, e"] thus finishing the proof of 

(*)9.] 

As p2{x[g]) was defined as tp(e', Afx + Cx) by (*)6 + (*)9 we are done. ^57i\ 

We shall not use l5.1l as stated but a variant which the proof gives (as mentioned 
in the proof). 
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Claim 5.3. Assume x G pK^ ^ C {u C : uHux is finite} is (--directed with 
union Wx o-^d k > X = ntri(.(x) and i £ Vx\wx =^ > ^c^d^il + ^) o.iT-d A is regular, 
this is similar to \5.1\ but omitting the assumption "u-^ is finite". We still can find 
(ip, A,u,ip^,) such that 

(a) "ip illuminates (x, AjFx) 

(5) A C Afx is of cardinality A,m G and Lp^ = (y9*(xj, Xg.u, y) such that no 
ip'ixj;, Cx,u, e') G tp((ix, Cx+Mx) sofoe (x, (/3, A) [i.e. for no finite u C £g{cx) 
and ijj' = Tp'i^d^ Xc,u, z) and e' £ (Mx) (io we have € \= "V''[rfx, Cx,m, e']" 
anrf V'fe, Cx,K,e') h Cx, 6) : 6 £ ^fte)^ and ip*{x^,C:^,b) £ tp(Jx,^+ 

Cx)}]; fei V'v. = ip^,{x^,Xc,X[e]) = 'ip^,{x^,Xc,X[y]),v C finite 

(c) we get t/ie result of \5.1\ with Cx replaced by Cx,u — c^.ulu — {ox.,i '■ i £ u) , 
i. e. : 

(*) there is an indiscernible sequence I — {ba : a < X) in Mx,£g{ba) — 
£g{y) and 6", b^ £ realizing Av(I, Mx + Cx,u) £ |= <y5[(ix, Cx,u, ^*]* 
fort = 0,1. 

Proof. We can find iy9,,A as in in the proof of I5.1[ so is as in clause (a) 
there. Then we find 93f,i?£ as in ©3 + ©4 in the proof of 15.11 Stage A. Next let 
£ be such that i £ ii» iff . is not dummy in ipo or in ipi or in ip2 or in 
(fi^. Now use the proof of 15.11 from Stage B on, however not on x but X[„^], see 
Definition HUlO). * 

Conclusion 5.4. Assume T is countable, 9 = Ho,/i strong limit of uncountable 
cofinality and /i < k = cf(K) < /i^"^. Then for every m £ rK®^^ g with Um finite 
there is n £ tK®^ g such that m <i n. 

Remark 5.5. If we assume cf (/i) = Hq and k = then we can get a weaker version 
of density of iKK.,^^,e■ 



Proof. Without loss of generality tg{d) = lo. 

Let {'^n{x[^+i^],y[i^]TZn) : n < Lo) list all formulas of such form, each appearing 
infinitely many times. Without loss of generality tpn — Vn(2^[u)„], ^n), w„ := 
[0,n) U [uj,uj + n). We choose m„ by induction on n < w such that: 

ffl (a) m„ £ rK®^ g and it(m„) is finite, moreover £ we may 

add w(m„) finite (as we can assume Um finite) 
(&) m„ = m 

(c) if n = TO + 1 then <i m„+i and 7'm„ is complete 

(d) if n = m + 1 and there is m' £ rK® ^ g satisfying 

(m„j <i n A (m' is {(p 

m ! y[m] ; -^m) ; i) activc for some 

i £ v(m')\w(mm)) then m„ satisfies this 

(e) if 71 = TO + 1 and the assumption in clause (d) fails, but there is 

"i' ^ satisfying m„ <i m' and (p,„ £ r|j^,j 

then m„+i satisfies this. 

We can carry the induction for clauses (d) + (e) because if there is such m' we can 
find m" such that vcim <i ni" <i m' such that u[m"] is finite, and the demand 
'Vm^+i is complete" is not a problem bv l4.9( lA). 
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Having carried the induction let n = lim(m„ : n < lo), we have to show that 
n e i'K®^g and more. If r^[„] = Txin] shall be done bv 13.231 so toward 
contradiction assume ip — (p{x^^^^, Xc[n],y) G r^[n]\-'^i/'[n] j l^t k be such that ip = ipk 
hence u = {n : ipn = (fi} is infinite. By clause (d) and [2l4r 2). i.e. |Sh:900j the 
set {m : ipm = fk and the assumption in ffl(c?) holds} is finite. So choose m such 
that (fm = fk but the assumption of ffl(c?) fails. Bv 15.11 more exactlv [5.3) the 
assumption of ffl(e) holds; why? the point is that ntric(x„) = {/i"*", M"*"^, • . • , /^^"}- 
So the conclusion of ffl(e) holds, contradiction. 

Lastly, n = U{m„ : n < w} is well defined and by Claim [3^231 using (c)' there, 
m = mo <i n e tK®^ g. 

* * * 



Discussion 5.6. We may like to cover every k, — n^'^ > H^^; at least and/or when 
for countable T as in 14.111 G.C.H. holds). For this, we are still left with the case 
cf(/z) = Hq, for this we have to redo some previous definitions and claims, so this is 
presently delayed. 

Conclusion 5.7. Assume G.C.H. and T is countable and 9 — Hq and fj, is strong 
limit of cofinality > Hq and k = cf(Ac) G 

1) For every n-saturated M of cardinality k and d G ^ ^£ there is x G tK^^K gi with 

2) Hence M G EC«,k(T) ^ |S«(Af)/ =aut | < ^- 

3) If M is a saturated model ofT of cardinality k then ©^^^.(M) has cardiality < /i. 

Remark 5.8. 1) For vK this is easier. 

2) When cf(^) = Hq, maybe see more in [Sh:F973j . 

§ 5(B). Density of vK; Exact recounting of types and vK. 

We prove the density of vK^,^,^- We use lO^ l) but not [0^ 2)-f6V 

Recall that we have difficulties when ntric(x) was singular. This motive defining 

relatives in 15. 1015.151 and investigating them. This succeeds but not applicable to 

rK only to vK. 

Convention 5.9. We here tend to use iy9 G as (p{xd,p,Xc.g,y) where p G 
"(£5(4))), g e '"(£5(cx)) for some n, m. 

Definition 5.10. Assume for x G pK^^ g and p ~ ip^x^ p, Xc.g, y), so (p determines 
p, g and ip = 'ip{xd,p, Cx.qq) G tp(dx,p, Cx,eo)- Below we may omit when p — {) ~ 
go, the role of ip in (1) is minor. 

1) Let k((y9, ■0, x) be the maximal n such that there is an increasing sequence gi G 
"(fx) which witness it, which means (note that ^ has a role only via go): 

• e< lg{g) Ak< tgigi) =^ g{£) gi{k) 

• i< ig{go) Ak< ig{gi) => go{i) <v^ gi{i) 

• c^Q^cl are subsequences of Cx gj^(e) realizing the same type over Cx <ei(f) + 
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2) We define kdu(</3, "07 as the maximal n such that some rj witness it which 
means; du stands for duplicate: 

• 77 is an increasing sequence in of length ig{p) 

• tp^(Jx,»7, Cx,e + Mx) = tp^(Jx,p, Cx,e + Mx) 

• 71 = k(?/;(5j_,,,Cx,eo),¥'fe,,,SE,e,y),x). 

Claim 5.11. 1) In Definition \5.1(A k(iy9, t/j, x) is well defined and < md{ip). 

2) Also kdu(<(5, V'j x) is well defined and < ind(iy9). 

3) If {(fi, ip, x) is as in \5.10\ and x <i y G pK^ ^ g then : 

• {(f,il},y) is as in \5.1 U\ 

• k((p, V',x) < k{(p,ip,y) 

• kdu((^,V',x) < kdu(¥','0,y)- 

IfxE pK^^ g tfee?7, there is y suc/i i/iai (see \5.19\) : 
•1 X <i y G pK^^^^e 

•2 if "01 x) is as in \5.10\ and y < z G pK^ ^ i/ieTi k((p, V') y) = 0, z) 
and kdu(</', "0, y) = kduC"^, V", z)- 

5) Like (4) but in •2 it applies to {(p,tp) such that (ip^-tp^y) is as in \5.1 01 

Proof. 1),2) By the definition of ind(iy9) it is always finite as T is dependent, see 
|Sh:9nO I oi^MX)- 

3) Read the definition. 

4) By parts (1),(2),(3) as 

(*)! (K^ji e, <i) is a partial order 

(*)2 in this partial order an increasing sequence (x; : i < 6) oi length < 0^ has 
a <i-uppcr bound xa; moreover is the union so if {^p^ip^yis) is as in 15.101 
then for some i < 5, {ip, ip, x^) is as in 15.101 

(*)3 for any x G pK^ ^-^ g, there < 6 relevant pairs {ip, 0). 

5) Similarly using (4). Il jg ^ll 
Claim 5.12. // (A) then (B) where 

[A) (a) X, (p{x^p,Xc,p,y),'ip{x3^p,Xc,Bo) are as in Definition\5J0\ 

(b) n = kdu(v', ■0:X) arid pi witness it 

(c) let ip' ^ ip{x^p^,xs^g,y) 

(d) let 0' = '0fepi,Cx,eo) ^eTice G tp(Jx,pi , Cx,^,,) 

(e) let Qi witness k((/3', 7/;', x) with ((c|q,c|]^) : £ < igigi)) as in 

Definition\5jb(l) 

if) 0"fe,pi>Cx,eo^0i) = V'"fe,pi>Cx,eo>i) A A (¥'fe,p:Cx,e,c|i)A 

e<eg{Bi) 

~^^{^d,pi Cx,e, C| q)) 
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(B) (a) {(p',^P",x.) are as in\5lM 
(b) kdu(¥'',V'",x) =0. 

Proof. Straightforward. IZ jg ^21 

Definition 5.13. 1) For x e pK^^ g and (p^ — ig, y) G and i/i* = 

Cx, 6*) € tp(dxjCx + Afx) let ntr^((y5*, x) be the maximal A such that: 
if ^ C Mx and |^| < A then for some finite p C tp_(_^^ (x^, Cx + M^) we have 
pU {?A*(xj,Cx,6*)} h tp±^^(dx,Cx + A). 

2) For X e pK^ p let ntru,(x) = niin{ntru,((^*, -0*, x) : (p^,,tp^, as above}. 

Claim 5.14. For as in Definition 1 5. 1 3Y l) the cardinal ntr^((^:,, ■0*, x) 

is a regular (infinite) cardinal. 

2) For X € pK^ ^ g the cardinal ntru,(x) is a regular (infinite) cardinal. 

3) If X := ntTw{^*,^*,x) is > Hq then for some m we can replace "p C ... finite" 
by: for some fix n and rj G "2 we have "p C tp^^^ ((ix,Cx + A/x) has the form 
{(p(x,af)'f(''(^» -.iKn}. 

Proof. 1) Toward contradiction assume A — rAi^^if^,, ip^, x) is singular and A C Afx 
has cardinality A. We shall prove that for some finite p C tp^^ ((ix,Cx + M^) we 
have p U {^'♦(Srf, Cx)} I" tp^^ (dx, Cx + Mx), this suffices. 

Let {A^ : e < cf(A)) be a C-increasing sequence of subsets of A with union 
A with each having cardinality < A. For each e < cf(A) there is a finite 
Pe e tp^^ ((ix,Cx + (Mx) such that pe U {tp*{x^,c^)} \- tp^Jdx,Cx + A^). As 
is finite also := Dom(p£) is finite hence the cardinality of B :— U{Bg : e < 
cf(A)} is < cf(A). As -B C Mx there is a finite q C tp^^ ((ix,Cx + Mx) such that 

gU {-0*fe>Cx)} I- tp^JJx,Cx + Mx). 

Now q is as required. 
2) Follows from part (1). '-t57T4| 

The following is a replacement of IS.ll of §(5A). 

The Crucial Claim 5.15. // (A) then (B) where: 

(A) (a) X < K is regular > fi 

(b) X e pK^ p^ g and ^ 2 

(c) ip^ = (p^{x^,Xc^g,y) 

(d) V = Xc, z) 

(e) ip*{x^) = c, b) e tp(Jx, Cx + Mx) 
(/) '^x is finite, but see \5.17\ 

(g) X = cf(A) = min{|yl| : A C Afx aJ^rf t^ere is no finite 

p C tp_t^^^(Jx,Cx + Mx) sttc/i i/iaipU{V',(5j)} l- tp_t^J(ix,Cx + ^) 

(/i) if A C Mx, I A| < A then there is bA ^ M s«c/i i/iaf (p* (Sj, Cx, ^a) G 
tp(rfx, Cx+Mx) and{(^*(xj, Cx,6a)}U{V'*(Sj)} h tp±^ Jdx, Cx+v4) 

(i?) t/iere are I, d' sitc/i f/iaf 

(a) I = (oa^o'Sa,! : « < A) is an indiscernible sequence in 
(6) Igia^.t) = Igiy) 
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(c) aA,o"aA,i rm/izes Av(I, Cx + Mx) 

(d) tp(aA,o, Cx + Mx) = tp(aA,i, Cx + Afx) 

(e) d' realizes {-0*(Sd)}Utp±^. (dx, c^+M^)\j{Lp^[x^, oaj), Cx, oa.o)}- 

Remark 5.16. 1) Note -(/'♦(Sj) correspond to (7, in §(5C), so we can restrict its form 
if necessary, see §(5C). 

2) How will we justify clause (A)(1l)? 

(a) we can manipulate (/j* such that {i^*(M, a) : a} — {^i^<t{M^a) : a} and 
0/s(2)(M) belongs to it, as in the proof of [HH 

(5) replacing (y9(a;, y) by /\ 93(0;, y^) change little. 

3) We could have weakened clause (B)(c) to A-types for A derived from 15.2^ in 
fact A = A with n = k((^»,x). 

4) So l5.22f 2)-f6) is what is really required but we do not need it. 
Observation 5.17. We can omit (A)(f) o{ \5.18\ 

Proof. Let = ip{x^p,Xc,g,y) with p,Q as in convention 15.91 and work with y 
which is like x but dy — d^ |"Rang(p), Cy = Cx tRang(g). 

Now reflect. '-tsTTTI 

Proof. Proof of 15.151 

We repeat the proof of Claim [Q] making minor changes in Stages (A)-(D) and 
replacing stage (E) as follows: 

Stage (A)-(D) : 

We omit (8)1(6) — (e), using clauses of (A) of the claim when quoted. 
In (8)2(5) the set A exemplify (A)(g) of the claim 

In (83 let ipe = ^p^ for ^ = 0, 1, 2 (or just omit and replace (pi by p^ when used, 
justified by clause (A)(h) hence e„,e* e ^s(^))(Mx) 
In 8)4(0) add "+{81". 

We replace by a:£g(y) or y recalling = ^{"^d^ ^c, y)- 

Stage E : Let M+ ^ £ be such that d^ + c^ + C M+ and let / = {(6, e, C, d) : 
b e ^9(2')(7Va), £ < C < A and J e M+}. 

For every ^ < A and p € 0^ = {p : p is finite and p C tp^^^ (c?x, Cx + A/x)} we 
let Ip^^ be the set of (6, e, C, d)) £ / such that 

• be '^Biy){Nx) 

• d realizes p 

• e < C are from A) 

• £ ^ (/3*[(i,Cx,e*] 

• £ h -'<y5*Kcx,e^]. 

Now note that 

if pi C p2 ^ tp^^JJxjCx + Mx) are finite and < $2 < A then /p^^^^ C 
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[Why? Read the definition.] 

(*)2 if(p,C)e^xAthen/p,5^0. 
[Why? As 1= ^[dy^, Cx, e|] clearly pi :— pyj Cx, e*)} belongs to hence by 

clause (A)(g) there is 6 G ^f(a)(7v^) such that pi(a;j) U{'0*(xj)} U {(y5,(xj, Cx, 6)"'^*^ 
is consistent for t = 0, 1. Hence recalling € ^ 'y3*[rfx, Cx, ^J^^^*'-''^'''' there is d in 
£ reahzing Pi{xj) U {li^^ix^)} and £ ^ <y9*[(ix, Cx, Next choose C < 

such that C, > e and 6 S Nq. Now Cx,ep I- Cx, &]'^^*^''^^ so necessarily 

£h "-'^*M"cx,e3]"(*t''»". 

Clearly (6, e, C, c?) G /p,^ so Ip^^ ^ as promised.] 

(*)3 choose an ultrafilter ^ on / such that (p,^) G x A /p_j € ^. 

[Why? As Ip^^ C / using (*)i and (*)2 above.] 

(*)4 PiVi y'l y"j ^d) following complete type over Cx + Mx; where y', has 

length £5(7;): 

P{y,y',y",x^) = {d{c^,y,Jj',y",x^,e) : d = 'd{xs[^]^y,y\y",^x^,z) € L(rT),e G 
'^f(^)(Mx) and the set {{b,eX,d) €/:£]= z9[cx, 6, e*, e^, d, e]} belongs to 
^}. 

[Why? As S> is an ultrafilter on /.] 

(*)5 choose (6', ao, ai, d') in £ realizing y', y", xj). 
Now note 

(*)6 (a) di realizes Av((e* : e < A), Cx + Mx) 

(6) do realizes Av((e* : £ < A), do + Cx + A/x) 

(c) do'di realizes Av((e2£"e2£_|_]^ : e < A, Cx + Afx)). 

[Why? Think.] 

(*)7 (a) d' realizes tp;^^(dx,Cx + Mx) 

(6) d' realizes yjj, Cx,do) and ^(^^(aij, Cx, di). 

So clearly we are done. Il jg 

Claim 5.18. Assume x e pK^^^,^ > Ili^,ip^ = ip{x^p,Xc,g,y) an(@ tp^ — 
ip*{xd,p,Xc,eo) e tp(dx,p,Cx,eo) and k((p* , -0* , x) = 0. //A ntr^((p*,i/'*,x) is 
< K then there is y smc/i that x <i y G pK^ ^ g and < k((^:,, t/;*, y). 

Proof. Let A* C Mx witnessing ntrt„((^*, -0*, x) = A. 
Let A, = (Ae : e < A), etc. 

Case 1 : A < /i. 

As in[2Jlthat is jSh:900[ 2.8=tp25.33] and see Definition |Sh:900[ 2.6=tp25.32] 
but here we elaborate. 

ffli Let J be the set of pairs {q,T) such that: 

(a) q = q{x-i p) C tp_t^_^ (dx,p, c^.g + M) is finite 

^^May add parameters from Af^i but can use trivial members of Cx, i.e. Cx,i C A/x. 
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(6) r = T{y) is a finite subset of A = {??(y,c) : z) e L(rT) and 
c G ^9(*)(Mx)} 

ffl2 for a pair {q,T) e J we say (co,Ci) does A* -exemplifies {q,T) when : 
(a) co,ci e^5(^)(A) 

(6) £ h "^^ico] = t5[ci]" when e T{y) 

(c) {-0(^(7)} U U {(fiix^ p, ci), -'(/Jfep> Co)} is consistent 

ffls the family {{(co,ci) : (co,ci) does ^^-exemplifies (9,r)} : {q,T) G J} has 
the finite intersection property. 

[Why does ffls hold? Otherwise we can find (qijTi) G J for £ < n such that no 
(cqjCi) does A* exemplify {p,Tg) for every £ < n. Define the two-place relation E 
on 

03.1 co£:ci iff co,ci G '^a(y)(A,) and £ h "z?[co] = i?[ci]" for every i9(y) G U 

clearly E' is an equivalence relation with finitely many equivalence classes. Let (c| : 
£ < £{*)) be a set of representatives and let g* = ( IJ g^) U {(p{x^ p, c|)* : t G {0, 1} 

£<n 

and £ |= (^[dx,p, c^]*}. 
So 

©3.2 q* is a finite subset of tpj.^^ (c?x,p, Cx,e + Mx) and 

03.3 q* ^ tp±^(Jx,p, Cx,e + A*). 

But 03 2 contradicts the choice of A^, so EI3 holds indeed.] 
So 

ffl4 there is an ultrafilter on ^^^(^'^(Ah,) extending the family from ffl3. 

Choose such an ultrafilter D. 

Let (cq, c[) reaHzes Av{D, rfx + Cx + Mx), so clearly 

ffls the following set of formulas is finitely satisfiable in £: 

So let d' realize the type from ffls and define y G pK^ ^ e by 

fflg (a) Afy = Afx 

(6) Wy = Wx -f- {i*} 

(c) dy fwx = c?x and dy^t, = c^' 

(d) Uy = Wx + {s*} and My = Ux 

(e) Cy|"Wx — Cx and Cy^s. = c'l'c'^ 
if) Iy = Ix 

(g) -By.s is equal to B^ s if s G Wx\ux and is equal to A* if s = s*. 

Clearly y is as required. 

Case 2 : A > /i is singular. 
Impossible bv 15.141 

Case 3 : A > ^ regular 
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01 without loss of generality 

(a) for some ci,co £ ^^^^\Mx) we have 

^ h "(Vij)['^*(xj,Cx,ci) A -..^*(xj,Cx,co)]" 

(b) for every Ci g ^ste)(Mx) for some Co G ^^'^^(Mx) we have 

h "(VXd)[¥'*(Sj;Cx,Ci) = -.(^,(xj,Cx,C2)]". 

[Why? We can use (p' {x^, Xc,y' {{yQ,yi,y2)) = [yo = 2/2 ^ ip{x^,Xc,y)] A [yo ^ 
2/2 A yi = 2/2 -'(^(xj, xg, y)] so if S C Mx, |B| > 2 we can use for yo, 2/1,2/2 
members of B; see more in the proof of 18.41 ] 



©2 (a) let be as m in l5.14f 3) 

(6) let 1^*, = <^**(Sd,p,Cx,e,y**) where 2/ = yo" ■ • ■ "2/n(*)-i, ^3(2//;) = -^5(2/) 
and (Ph.* = A V*{xd,p,c^,Q,yt)- 

l<n{*) 

Now 

®3 A = ntr^((y9„,-0,x). 
[Why? Think.] 

Now we shall use 15.151 + 15.171 for getting (i',ao,ai,I = {{aao,aa 1) : a < 

A). 

Why this suffice? We choose y by 

®4 (a) My = Afx 

(6) dy = dx"(rf'} i-e. Wy = Wx U {s}, Wx,P <y s, dy^s — d' ■ 
(c) Cy = Cx'(ao'ai), i.e. ao'ai = Cy,f , Wy = Ux + {t} 

This is this possible? We just have to check that the relevant condition in 15.151 i.e. 
the clauses in (A) holds which is straight. Il jg ]^g| 

Conclusion 5.19. 1) For every x G pK^ q there is y such that x <i y G pK^ ^ g 

and: if ip^{xj:p,Xs,e,y) G T^, -(A^xjp, Xe,^) G tp(Jx,p"Cx,e, 0) and y <i z G pK^^ g 

</ien kdu V'» , z) = kdu V"* , y) • 

^&owe y G uK^^^^g, see DefinitionlKWSC). 

Proof. Bv lSJSl recalling [m as in [ETir 4'). 

Conclusion 5.20. If n > ^ > ^uj+B^ ,9 > \T\ then vKf^^ g is <i-dense in sK®^ g. 
Moreover, i/ m G sK®^ g then for some n we have m <i n G uK^^ g. 

Proof. Assume m G sK®^ g we apply [5T1T 5) to x getting y as there. By 15.181 we 
have 

(*)i if 1^ = (p{x^p,Xc,e,y) and V' = V'l^j.p) ^e,eo) ^ tp((ix,p, Cx,po) and kdu(¥', "0, y) 
then ntru,((p, -0, y) > k. 

Clearly we can find n such that 

(*)2 (a) m<inGsK®^,, 

(b) x„ y 

(c) if (fi, ip are as in (>i!)i then ip G r| . 
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By [532] + Em clearly n e vK®^ g. 

The "moreover" is proved similarly. IZ jc, 20I 

Theorem 5.21. The recounting theorem Assume k = k^'^ = + 
n^+9+,9>\T\. 

Then for any M e EC„,K(r) the cardinality o/S^(M)/ =aut is < 2<'" + . 
Proof. Bv [5:201 and [XT3r 2'l. qg^T] 



§ 5(C). Exact recounting of types and vK. 

The following analysis look more carefully at decomposition and (p (£ T]^: even- 
tually it was not used in proving the density of vK. 
Here we use ind((^). 

Definition 5.22. 1) For (p = (p{x,y',y) let ind{(p) = indxiip) = min{n : the set 
{ip{x,-i, y', yfe)^''^'^^! : 77 G "2 and A; < 71} is inconsistent with T}; compare with l2.6f 5). 

2) Above if y' is the empty sequence we may omit it; we may ignore the case 
ind(iy9) = 1; it is always > 1. 

3) For X G P^K,fj.,9 S'Hd ip = ^{x^, Xs, y) G F^ and k < mdri^p) l^t 

^i^^M = ■■ = ^{yk,yt^ ■■■^yt-i,yt+i ■■■'vtnd(v)-i^^c) and for each f G 
ind(<^)\{fc},2/^^o or is a dummy in V} where we fix ?/+ = ymfi" ym,iJ9{ymfl) = 
^ff(ym) = £g{ym,i) and in yk~y^~ ... ^^^"^^ '^^ repetitions. 

^) ^%ip,k ~ {V'x,(p,?;,i/,fc : 1px,ip,ri,i^,k — 4'x,ip,rj.,i>,kiyk, % • ■ • 2/fe-li Vk+l ■ ' ■ 2^ind(ip)-l' ^c) — 

(3xj)( A (^fexe,y™,^(„))['^(™)lA^feiE,yfe)[''(^-)l)) where r,, G -d(^)2}. 

m<ind((p),m^fc 

5) Let f^x,¥',fe,e. = {V'x,v,77,iy,fc(y, c*, e, Cx) : e = e/c+i ~ . . . 'eind(i^)-i and e™ G 
2^9(a)(Mx) for each to} where: = Cq q'cq 1" . . . "c*^^^ o''cl^i i,^5(c^o) = ^^(cli) = 

6) For A C A^ ^^ and we let 

^i,v,A,k,c. = {V'(y,c*,e,Cx) : V = ^iy^Vo' ■■■^yt-vvUi" ■■■^yh,d{v)-v^^'l ^ ^ 
and e = Cfc+i" . . . "eind(i^) and G ^^^^^^(A/x) for each to}. 

A relative of [2lir i) = |Sh:900[ 2.8=:tp25.33] imitating vK is 

Definition 5.23. Let x G pK^ ^ g be normal^ and p — ip{x^, Xc,y) G Fx, really 
(y£> — p{x^ p,Xc^g,y) for some p G '^^{lg{dy^) and g G '^^(^.g(cx)) and n ~ iTid{p), see 
E2II). 

We call w an (x, (p)-witness when w = ((c^.o, Cfe_i) : £ < n) ^ {cvr,k,a,Cv,,k,i ■ 
k < n^), their concatanation is denoted by and there is pi exemplifying it such 
that 

(a) let Ck = Ck^Ck,! and c<a: = (cq, . . . , Ck-i) 

(b) Ck.o, Ck,i are finite subsequences of some c^^i^k) with {i{k) : k < n) increasing 
and q{1) < i{k) for £ < £g{g), k < n 

'^'^This indicates we may forget Cx and instead have a set of sequences some di 's which function 
as Ci's, so we have Brj or but even if t-g{rii) = % + l,»7i(ni) = »?2(™2) we still may have 
-Brji ^ -Br,2 > etc. 
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(c) Cfc , Cfe 1 satisfies the same formulas from ill <n i- n 
{d) pi e ^s^Phgid^) and 

(e) dx,p and Jx,pi satisfies the same formulas from {^{x^ p, Cx,g, b) -.b <E ^^^^^ (-^^x)} 

(/) cL.pi realizes := {f{x^p^,c^^g),Ck,i) A ^(/^(S , Cx.g, Cfe^o) : k < n} 
(g) (nec?) tp{ci[k),c^i(^k) + M^) ij^ finitely satisfiable in Mx. 

Observation 5.24. Above in Definition \5.23\ tg{yv) < mdT{(p). 

Definition 5.25. In Definition 15.231 

0) We say w is a maximal (x, iy9)-witness when it is an (x, iy9)-witness and there is 
no (x, c/?)-witness Wi such that w<iwi. 

1) We say w is a successful (x, <y9)-witncss when it is an (x, 93)- witness and for every 
(xi,wi) satisfying x <i Xi G pK^^ g and Wi an (xi, iy9)-witness w < wi we have 

w — Wi. 

2) We say x e pK^ ^ g is full for {K,p.,9) when x is normal and for every e 
there is a successful (x, iy9)-witness. 

Remark 5.26. In Definition 15.251 we may consider "every maximal (x, 95)-witness is 
successful" . 

Definition 5.27. 1) Let ntrv(</3(xj Xc,^, y), w, x) where x S pK^ ^ g and w is a 
(/^(xj jj, Sg.e, 2/)-witness, be the minimal cardinal A such that, recalling is from 
Definition E^f); 

(*) for every A C Mx of cardinality < A there is a finite qa — qA{x^jj) C 
tp_,_^(dx,,,, Cx 4- Afx) such that qA{x^^^) U q^ h tp^(Jx,7,, Cx + A). 

2) Let ntrv(x) = min{ntrv(i,5(S Xe,g, y), w, x) : ip = ip{x^,j,Xc,g,y) and w is a 
maximal (x, (/?)-witness}. It is regular (see case 2 in the proof of ?? below and we 
can replace finite by "of cardinality < n," if A > Hg, see case 3 there. 

Discussion 5.28. 1) The point is that looking for q C tp^((ix,,,, Cx + ^^x) enables 
us to deal with singular ntrv(v)- 

2) Do we really have to change dx,?) to dx.p in the definition of ntri^^ (x, ip, w)? when 
we succeed, i.e. is it k? 

Part is a finite subset q of tp^((Jx,?), -^x) so r],p are not distinguished. But we 
have gw is a ±(/j-type on c^g{k < riw,^ = 0, 1} and tp(cw, M^) is definable. 



First, we can use just tp^^ for large enough. Second, does clause (g) follows from the 
earlier ones? 
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§ 6. Indiscernibles 
Hypothesis 6.1. T dependent. 

Theorem 6.2. Assume n ^ k<'^ > = 3^, + 6,6 >\T\ and M G EC„,k(T). 

If e < 0^ andp G S^(M) then there is an indiscernible sequence I — {aa : a < k) 
of e-tuples from M , i.e. aa G ^-M for a < k such that p — Av(I, M). 

Proof. Let d realize p hence for some x G T¥^K,K,e we have dx = d,Cx = (},Wx = 0- 
Let m = (x, (), 0), it G rK®^ g. By the density of uK® ^ g there is n G uK®^ g such 
that m <i n, hence d< (ix;[m]- By 16.31 below we are done. E j^^ 



§ 6(A). Indiscernibility and materializing m. 

Claim 6.3. 1) Assume m = {x,'ijj,r) G tK®^ g and has cardinality k, then for 
some {ca'da : a < K + uj) we have: 

(a) Cq, da are from and C:x:'' d^ Ca da realizes r for a < k 

(b) I = {ca~ da '■ a < K + uj) is an indiscernible sequence and {cK,,di^) = (cx,dx) 

(c) tp(M, Ujca'da : a < k} + Cft + . . . + Ck+„.) h tp(M, U{Jq : a < k + n*}) 

(d) i/ A C Mx is finit^ and a < K is large enough then tp(ca da, A) — 
tp(cx''ix, A) and tp{d^, Cx + da) ^ tp((ix, c^ + A + Ca~ da) according to ip. 

2) For (m,w) G vK^^ g similarly but replace clause (d) by 

(d)' if A ^ Afx is finite and a < k is large enough then (cq, da) solve (m, A + 
U{c^"J^ : (3 < a} in the rK®^ g-sense-see Definition \3.3]f f ). 

Definition 6.4. 1) We say an indiscernible sequence I = {cs^dg : s E I) materialize 
m G tK®^ g when in the linear order / there is no last element and for some c„, J„ 
for n < UJ the sequence {cs'ds : s G I + uj) satisfies (a)-(d) of Claim [6731 and (c„, dn) 
here standing for c^+n there. 

lA) Similarly for vKf - g. 

2) I is also said to materialize x when this holds for some m with x = Xm- 

3) We say that D is the ultrafilter of m G tK®^ g or just m G tK®^ g and we 
may fsee I6.9r 3)). D = Dy^, when D G uf(cx[m] ^?x[m]i Mx;[m]) satisfies: for every 
A C Mj„[x] of cardinality < k and sequence c'~d' from M^^x], the sequence real- 
izes tp(£',yl) iff c'"d' realizes tp(cx[m] "c^xfrn]) ^) and Cx[m] ''^x[m] 'c'"d' realizes rm, 
recalling Definition II. lOf 7). 

Proof. Proof of 16.31 1) Let (oq : a < k) list Afx and choose {ca,da) in M by 
induction on a < k which solves (x, -0, r) over Aa '.— {ap + + dp : j3 < a} \J , 
see clause (f) Definition 13.31 

Next, let {cn^d^) = (cx,dx)- Bv 13.141 for each a < k the sequence {cjs^dfi : (3 G 
[a,/v]) is indiscernible over Aa and choose {cK+n,dK+n) for n G such that 

{cp'dp : P G [a, K + Lo)) is an indiscernible sequence over Aa for every a < k, 
possible by compactness, so clauses (a),(b),(d) of 16.3^ 1) hold. 



'we can say of cardinality < k, but for 16.41 sake we use this form 
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We are left with clause (c). By clause (d) we have tp((ix, Cx, da + Ca) K tp((ix, Cx + 
da + Ca + Aa). Now for stationarily many a < k we have tp((ix, Cx + rfa + Ca) \^ 
tp((ix, Cx+da+Ca+Aa+ ^ Otherwise by Fodor Lemma we get contradiction 

n<Lj 

to l2.14r 2V So by indiscernibility we get, for n < /3 < K+ri that tp{dK+n+i, CK+n + 

dp + C^) I- tp(JK+„, Ck+„ + X) C^di + A/3_K + X) Ck+„). 

?</3 rn>n 

Hence for n < we have tp(MK, ^ CQ'(iQ,+ X Ci^+m) h tp{Mi^, '^a''da + 

a<K+n n<u a<K+n 

Ck+u) hence we get the desired conclusion. 

rn<uj 

2) Similarly. Cjgj] 
A variant of 16.31 

Claim 6.5. If m. — (x, r) £ tK®^ ^ with Mx o/ cardinality k and I2 = Ii x Z 

ordered lexicographically of course, Ii is a saturated model o/Th(Q, <) of cardinality 
K, then we can find {cs'dg : s I2 + {'*}) such that: 

(a) (ck,^^) = (cx,dx) 

(6) (cs'ds : s £ /2 + {n}) is an indiscernible sequence 
(c) A/x is |r| + -atomic oiier U{cs"ds : s £ /} 

(c) ' i/ J2 = Ji X Z, where Ji (is a linear order which) extends Ii and Cg, dg for 

s £ J2\/2 are swc/i t/iat (cs^ds '■ s £ J) is indiscernible, then tp(M, U{cs''ds} '■ 
s £ /}) htp(M,U{c/4 : s £ J}) 

(d) if s £ I2 then d^ Cx ds Cs realizes r and for every A £ [Mx]^" for every 
large enough t G I2 we have tp((ix, Cx + dt + Ct) + tp(dx, Cx + df + Ct + 

Remark 6.6. 1) In 16.51 we cannot use I2 a saturated model of Th((Q), <) as then 
some b £ may induce a cut with both cofinalities > 

2) In l6.5l we can replace Z by any linear order with at least two elements but < A. 

3) Note that if m £ tK®-_g C vK®- ^, then also (m,w) £ vKf - ^ for w the 
"identity" on Tl^, see Definition [3H;4C). 

Proof. Let {oa : a < n) list the finite sequences of Mx each appearing stationarily 
many times. 

Let {ta : a < k) list the elements of Ii without repetitions and for technical 
reasons (t„ : n < lu) is increasing. 

Now we choose Ji,q, J2,a, (cs'^dg : s £ J2,a) by induction on a < A such that 

(a) Ji_Q, is a subset of Ii of cardinality < A, C-increasing continuous 

(b) J2,a Q Ji.a X Z ordered lexicographically and contains Ji.q x {0} 

(c) {tp : (3 < a} <Z a and {tp : f3 < a} x Z C J2^a 

(d) Iq = {ct~ dt : t £ J2.a) is indiscernible for a > w 

(e) {ct,dt) solves (x, -0, Ujcs'ds : s <j2,„ for each t £ J2_ct 

(/) if a < w or a = 1 mod 3 let /3(a) < A be minimal such that t/3(a) is </-above 
Ji,Q then C(t^(^j_o)~dt(f,(<,),o) solves {■K,-ip,r, Aa) where := U{c("dt : t £ 

-^2, a U {(i^(Q),m) : TO < n}} and Jl,a+1 = U {t/S^a}}, J2,a+1 = J2,a U 
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(g) if a — 2 mod 'S,a > lo and let Ji,a+i = Ji,a U {t^ : (3 < a,tp < 
tpia)}, J2,a+i — Ji,a+i X ^ and choosc dt for t G J2.a+i\J2,a (such that (d) 
+ (e) holds) 

(h) if a = 3/3 > then we choose Ji,a+i, -^2,q+i, {{cs,ds) ■ s £ J2,a+i\J2,a) 
such thalF^. if possible, for some finite / C Ii\Ji,a we have Ji,q+i = 
Ji,Q,U/, J2,ct = ^i,a xZ and defining J" G ifp as (/xZ, Ps)se/, -Ps = {s} xZ, 
the sequence {cs'ds : s G /") is not indiscernible over O/j. 

It is easy to carry the induction. 

The main point is to verify clause (c) hence (c)'. By [Sh:7151 3.4] or see §(1C), 
if a G "(Mx) and (p = ip{xg^^^,Xc[x]: ^[n]) then there is an expansion of I2 to I2 = 
{I2 , Pq, ■ ■ . ,Pn) each Pg a (non-empty) convex subset of I2 such that (cs "c?s : s G I2) 
is {y3}-indiscernible over d. 

Without loss of generality if i eli,£<n and {{t}xZ)nPe ^ 0A({t}xZ)\Pf ^ 
then C {t} X Z and let be the set of such i's. Let a < k be such that 
£ < n ^ PeC] J2,a 7^ 0, without loss of generality J2,a — x Z, a = wa. 

By clause (h) of the construction we get that tp^{d, {cg" dg : s G /g x Z}) h 
tp^(a, {cs'rfs : s G ^2}), treating Cs'ds are singletons, of course. 

As this holds for any such cp we are done. IZ [g^ 

Observation 6.7. Ifi= {cs^dg : s G /) materializes m G tK®^^ ^ tfeen we can 
replace I 6j/ I|"J /or ant/ J ^ I cofinal in I and cf(/) > k. 
2) If ||Afx|| = K then cf(/) = |/| is necessarily k. 

Remark 6.8. Recall that if T is stable (or just I is an indiscernible set), necesssarily 
we get that dg is algebraic over Cg. 

Proof. Straightforward. IZ [gyj| 

Claim 6.9. 1) If m ^ (x, '0,r) G tK® ^ ^ or m = (x, V;,r, u) G vKf^ g, then any 
two materializations Ii,l2 of m are equivalent, see Definition \1.36Y 5). 

2) If X £ uK®- g or X G vK®- g and M-^ has cardinality k, the number of materi- 
alizations of X up to equivalence is < 2^ . 

3) If m. £ tK®^ g then there is one and only one D = D^, the ultrafilter ofm, see 

Proof. 1) Suppose Ig = (q s^d^ s : s G /f) is a materialization of m and c^^d^ be as 
in Definition 16. 4[ or see 16.31 for £ = 1, 2. We can replace Ii by any cofinal sequence 
hence without loss of generality otp(/£) = Kg = ci{Kg), so by 16.71 Ke > k > \T\. 
Without loss of generality ki < K2, now we let le = {ti,e ■ £ < k^} with ta.^ being 
</^-increasing with e. 

First assume m G tK®^ g, so for every a < ki for some hi{a) < K2 we have: 

(*)a tp(Jx,Cx + rf2,t2,/3) ^ tp(Jx,Cx + rf2,t2,/3 + {ci,tt,e' dl,H,£ : £ < Q;}) if ^ G 

[hi{a), K2). 
Case 1 : ki < K2 

Then /?(*) = sup{/ii(ck) : a < ki} is < K2, so applying (*)q, for every a < Ki, 
for l3 = I3{*) we get that d2,t2,/3(*)+rc2,t2,/3(*)+i realizes tp{d:^' C:^U {ci^ti,i3' di,tui3 ■ 
l3 < a} which is realized in Mx so we get contradiction. 



53 
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Case 2 : ki = K2 

So h2 '■ K2 Ki can be defined similarly and let E = {5 < ki : S sl limit ordinal 
such that a < S ^ hi(a) < S A /12(a) < S}, it is a club of ki. 

Now for any h : E —i' {1,2} the sequence Ih = {ath(a,) » : a G -E) is an indis- 
cernible sequence by Claim 13.141 or 13.161 

So all the I/i's and Ii,l2 are equivalent. Second, assume (m, u) e vK®^ easy 
too. The case of vK is similar. 

2) For X G tK®^ g the number of pairs {ip,r) such that (x, ■(/i, r) £ tK®^_g is < 2^, 
and now apply part (1). Similarly, if x G vK^.^.e then the number of triples r, u) 
such that (x,V',r,u) G vK®^ ,.. 

3) E.g. force by Levy(K, ||Mx||) and use absoluteness. '-tO] 

Definition 6.10. Assume M G EC^.^^CT) and p G S'"(Af). 
Let 

(a) Ip = {I : I is an (endless) indiscernible sequence in AI with Av(I, M) — p] 
(6) IX {I G Ip : I has length x} 

(c) i; = I-. 

Definition 6.11. Assume M ^ £, m = (x, r) G tK®^^ or m = (x, ^/S, r, u) G 

vK®- g and 7 < tg{dy^) and p = p{x) G S'^(Mx). We say that I materializes the 
quadruple (pjX.jipjr) or (p, x, t/j, r, w) or in (p, m) when: 

(a) I = {bs''Cs''ds : s G /) is an indiscernible sequence in Mx 
(6) (cs'ds : s G /) materialize m = (x, ^, r) 

(c) (6« : s G /) G Ip 

(d) Case 1 : m G tK®^ g for every finite A C A/x for every large enough s G / 
we have tp(dx5 + ds) h tp((ix, Cx + (A + 6s + + d^)) according to 

Case 2 : m G vK® - g : for every finite A C Afx for every large enough s G /, 
the pair (c^, dg) solves (m, A + bg). 

Claim 6.12. Assume Af, m,7,p are as in Definition \6.11\ and ||A/x|| = k. 

//I* = (&* : a < k) G Ip, then there isl— (pa Ca da : a < k) which materialize 
{Pj'Kj'ijjyr) such that the sequences I* and {ha : a < k) are equivalent (even are 
equal on a stationary set of indices). 

Proof. Let : a < n) list the members of A/x- Now repeat the proof of 16. 31 before 
choosing (cq,c?q) in stage a, choose minimal 7(0;) < A such that fe'),(ct) realizes 
Av(I^,yl^) where A'^ := U{(a/3)"5..y(^)'c/3"d^ : /3 < a} and choose {ca,da) as a 
solution of (x, '(/S, r) over A'^ + 

As {ba : a < k), {ca~da : a < k) are indiscernible sets, for some type Tq, we have 
(V/? < k)(V''7 < /3) [tp (5^ "c-y Cx + dx + A'^) = Tq], and clearly b^(a)'ca''da 
realizes the type and increases with a. 

So again bv 13.141 or 13.161 the sequence ((6.^(q), Cq, c?a) : a < A) is indiscernible 
and also the rest should be clear. Il jg ]^^| 

Discussion 6.13. Recall [TT^]T 4). If we replace the type by its w-th iteration, see 
[Sh:93| . i.e. if {dn : rt < w) is an indiscernible sequence witnessing D G uf(tp(a, M)) 
then tp(a, (io'di " . . ." D) determine D. 
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Definition 6.14. 1) For M -< €t, ultrafiltcr D on '»Af and Id — {an : n < lo) based 
on D (see Definition II. 19f 6) let Td be the set of sequences ((yls,as, As) : s ^ u) 
such that: 

(a) u is an inverted tree with root being maximal 
[h] As C M finite, increases with s e u 
(c) as^'^M 

{<£) finite C which is C-increasing with s ^ u recaUing F^ = {ip{xQ, . . . , a;„; y) : 
X£ = {xi^g : e < C) and y — {yi : £ < n) for some n} 

(e) {dt)~lD is At-indiscernible over U{As U (asfw) : s <„ t and w C -"y is the 
finite set of places not dummy in A^}. 

2) For n G To let n — (An,s, Sn^s, An,n) : s G M„),u[n] = Un and let max(n) be the 
<„-maximal member (= root) of Un and {A„, a„, An) = (A„_niax(n) , an,max(it) , An^„,ax(n))- 

Lastly, an is an,max(n)- 

4) If n G Td and s G Un let Mn["(^ ^) be m|"{si G Un : si <u,^ si} as a partial order 
and let n\{< s) be ((An,si,an,si, An.sJ : si G «!■(< s)). 

5) We say w = (rit : i G /) is a witness for D when : 

(a) / is a directed partial order 
(6) nt G T/) for every t £ I 

(c) if ti <i <2 then for some s G ^[ntj] we have rit^ = ntj f(< s). 

6) In part (5) let {At, at, At) = (^j,t, Oj,*, Aj,t) denote (^nt,max(nt) A„4^max(nt))- 

Claim 6.15. 1) If D is an ultrafilter on f/ten there is a witness ^ — {ut '■ t £ I) 
for D, let n[t] = Wf 

2) If A C T(^{tt) is finite and A C M is finite then for some to E I , if k < u and 
to <i . . . < tk then {an[ti] : i < k) is A-indiscernihle over A. 

Proof. See |Sh:715[ §1] or an exercise. Il jg j^5| 



§ 6(B). Indiscernible existence from bounded directionality. 

We affirm here the conjecture from §(1C) for the case fc = 1, for dependent 
theory T of bounded directionality. We state the more informative version (see 
DcfintionlllKl)). 

Claim 6.16. The Strong Indiscernible Existence Theorem 1) Let T be of finite di- 
rectionality, see Definition \1.23\ Assume k — ci{K,) > 9 = \^f \ + \T\,da G '•'C for 
a d K and {da : a < k) is a type-increasing sequence, see \6.18Y 0) below, then 
for some I G Kq^g expanding (k, <) the sequence {ds : s G /) is mod club locally- 
indiscernible, see Definition \1.46\ 

2) Let T be of bounded directionality. Then we get a similar result for I G -fiTicg.e; 
see Definition \6. 17\ below. 

Proof 1) By [1201 + 112112) below. 

2) By [1201 + [1211 below. D-?-? 
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Definition 6.17. 1) /^rcg,c is the class of structures / = (/, </, P/, P/)i<e j"<e such 
that (/, <) is a hnear order, P/ a unary relation and Fj is a unary function such 
that Fj (t) <i t; reg stands for regressive. 

2) Assume k is regular uncountable and / G -K^rog.e expand (k, <). We say the 
sequence {da : a £ I) is mod club locally indiscernible when (d^ e C < ^ and) 
for some club E of k, for every rj £^2,v £ ^{k + 1) and finite A C L(tt), we have: 
if Sr,,^ ^ {a e E : I \= Pi(a)[''(^)l for every i e m and F/ (a) = V (P/ (a) = 
A = k) for every j G f } is unbounded in k then (cJq, : a G "S*^,!/) is A- 
indiscernible. 

Definition 6.18. 0) We say that {da : a < /3) is type-increasing over B when 
tp{dfj, U{da : a < /?} U P) is C-increasing with a; if P = we may omit it. 

1) Let aKA.K.e be the class of x consisting of 

(a) M — {Ma ■ a < k), which is -<-increasing, a < k ^ \\Ma\\ < A 

(b) I = {da : a < k) and d = is of length < 0^ 

(c) da £ '^s{d)(^M^) realizes tp(J,M„) 

(d) Af«, = U{Afa : a < k} 

(e) d^^d^. 

2) Let eKA,K,e, be the class of x consisting of 

(a) M as above 

(6) I = {la : a < k) and d = dy^ 

(c) each d' G belongs to and realizes tp(d, M^) 

(d) M„ = U{Afa : a < k}. 

3) Let aK^.e = aK^^^^.e and eK^,e = eK„,«;^0. 

Observation 6.19. Ifx£ aK^.K^e ^/tew for a unique y G cKa^k.^ we /laue A/y^^ 

A^x,a /or a < K BTld ly^Q, — {dx.ct}. 

Claim 6.20. // {da : a < k) is type increasing and n = cf(K) > \T\, then there is 
X G aK^.e such that for a club of a < k we have dx,a — da. 

Proof. Let Ca — U{d^ : j3 < a} for a < k + I. We can find a sequence {aa : a < k) 
such that 

(a) tp{aa, Aa), where Aa :~ Ck, U {a^ : /3 < a}), does not split over some 
Pq ^ of cardinality < |P|; 

(b) every finite type over Aa, a < k is realized by some ap, /S < k. 

This is possible by phlcl III,7.5,pg.l40] or see |Sh:7151 4.24=np4.10]. So A^ is weU 
defined and is the universe of a model M -< £. 

As K is regular, for every a for some /3q, < k we have: the type tp(d^, A'^) where 
A'l^ = U{d-y"(a-y) : 7 < /?}) is the same for all /3 G k), just consider the definition 
of non-splitting. 

Hence without loss of generality this holds for /3 G [/3a, k + I), too. Clearly 
^ := {S < K : A'g is universe of an elementary submodel of M} is a club of k. 

Define x by letting Afx,^ = M and for a < k letting Af^.a = MlA'^^^i^^Xa) and 
da = d^{n('W\a)- Clearly x is as required. ^&?M 



102 



SAHARON SHELAH 



Claim 6.21. Assume T is of finite directionality. Assume x G aK<A,K,9,K = 
d{K)>0>\T\ andC^egid^)■ 
l) If K > 2^ then for some club of k and partition (Si : i < 2^) of , letting 
I = , <, Si)i^20 the sequence (dx,a '■ a € I) is an indiscernible sequence. 
2) If A C {^3(^0, . . . , Xn-i;y) : xe = ■ £ < o.^d y ^ {ye ■ £ < n) for 

some n} is finite then for some club '^a of k and finite partition {PA,e '■ (■ < ^a) of 
'Wa we have: {dx,a ■ ol € {'^Ai <, PA,e)i<i^) is A-indiscernible in the sense of \6. 23\ 
below. 

Before we prove, similarly: 

Claim 6.22. Assume T is of finite directionality. As in \6.21\ for eK^ r. 

In full: assume x G eK<>,^K,ejK — cf(K) > C_ |T|,^ and finite ACT where T 
is as in \6.2lY 2). there are functions Fn : U{Iq : a < k} ^ k for n,nA{*),nA large 
enough (i.e. (p{xo, . . . , a;„_i; y) G A n < n{*) such that if (p{xo, . . . , x^-i', y) G 
A,m < n and k > > ... > a^^^i > 7 and for t = 1,2 and c?^ G /q' for 
£ < m, L = 1,2 and k <m =^ a'j^> F„j_fc(a^j^j, . . . , a''„-^_i) and b G ''(Mx,^), d* and 
G^(Mx,T,) then 

h '/'K;, ■ • ■,dal_^,d*m, ■ ■ -Jn-l-M 

W 

Definition 6.23. For T as in K^ 2) and A C T we say (d„ : a < «(*)) is A- 
indiscernible over A when if m < n, a{*) > ao > . . . > am-i and a(*) > /3o > 
. . . > Pm-i and b G ^9{y)j^ ^^d G A for ^ = m, . . . , n - 1 then 

h '^Ko'---'^a„-l''^m'---'^n-i;^] 

iff 

^ h V'l^o' ■ • ■ ' ' 4i> • • • , ^^n-l]- 

Discussion 6.24. Even for singletons we cannot replace "finite" by one in 16.211 

because even for T = Th(Q, <), a cut has two cofinalities in general. 

Claim 6.25. Let T be of bounded directionality. 

1) Assume x G aK„_e and £g{da) = C and A C is finite. Then we can find a 
club E of K and a regressive function f on E such that for every 7 < k the sequence 
{da : a G E and f{a) = 7) is A-indiscernible or is empty. 

2) Parallel forKM 

Proof Proof oflOD l) It follows from part (2) as if '2', (Pa,* : i < £a, A C F finite) 
is as gotten there, we let E = {(a,/?) : G and a G PA,i <^ /3 G PA,i for 
every finite A C L(rT) and (-P; : i < i{*) < 2^) list the i?-equivalence classes then 
('^, <, Pi)i<^i(*) is as required. 

2) We prove here also l6.12f 2). We call A C Fr cyclically closed when : if (p{xo, ■ . ■ , Xn-i',y) G 
A then some (p'{xo, . . . , Xn-i;y) G A is equivalent to </?(a;i, . . . , Xn-i,xo; y). Clearly 
it suffices to deal only with cyclically closed A's. 
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Let Da = n De4(Afx) : D G uf(tp(d, Afx,^)} says (Z^a,* : i < \a) list it. So 
by [031 and [^241 we have: 

Case 1 : T of finite directionality. Then Da is finite so Xd is finite. 

Case 2 : Not Case 1 but T of bounded directionality. Then Ad < k. 

Let dc = c?x,Q, = dx.K- Now fix C = £g{dx), A C F^. A finite (cyclically closed). 
For each i < \a choose Di e uf (tp((i, Afx,^)) such that Di n Def^(Mx) = Daa- 
Let 7* be K + w if T is of finite dimensionality and k + k otherwise. 

Let J = ([k, 7*), <, P/)i<AA € Kp^xA be such that each is unbounded. For 
7 G [k,7*) let i(7) be such that 7 belongs to Pi^^^-f and let = >^t{7}- Let 

= {{a}, <,p/°'')j<Aa e i^p^A be such that Pf'" ' = {a}. 

We can choose for 7 G [k, 7*) so redefining dx such that tp((i-y, U{d-y : 7 G 
[7,7*)} U Mx,k) is equal to Av(A(/3), U{(J/3 : P G (7,7*)} U Mx,k). How? For any 
finite u C [k, 7^) we can use downward induction and now use general compactness. 

For i < Aa, let Si = {a < k: the sequence (c?e : e G Ja.i + J) is A-indiscernible 
over Mx,a and for simplicity a ^ U{S'j : j < i}}. 

For a < K let i(a) = i a G 5^ and let Ja = Ja,i(a)i so 1(0;) may be undefined. 

Now 

ffli if z < Aa and 7 < k then the sequence {d^ : ce G Si\j)''{d^ : 7 G [k,7*) 
and 1(7) = i) is A-indiscernible over Mx_^. 
Moreover 

ffl2 Assume 7 < k, let #a,7 = U 'S'i U [k,7*)\7, Ja,7 = S{Jq : ct G ^a,7} + 

J e -fi^p.AA let Ja = JA,o,lA,-t — S{Ja : a G #a,7} and /a = /a.o- Then 
the sequence {da ■ a G Ja,7) is A-indiscernible over A/x,7. 

[Why? Without loss of generality consider only 7 G Wa,o- Let ip — (p{xo, . . . , Xn-i]y) & 
A. We now prove by induction on m, the statement for m simultaneously for all 
7 < K. That is 

(*) if n > m and (p{xo, . . . , Xn-i,y) G A and \^ ct > > . . . > ol\^_^ > 7 
for i = 1,2 and fc < m A i < ^A ^ e Pf"^ ^ £ Pf^] and b G 
'9iy) (Mx,7) and . . . , 4_i G ^ (A/x,7) then € h V'i^o, ■ • • , d^i^^^ ,d*„..., 4_ 

iff £ h '^Kg>---:f^a^_i:C>---><--l>^]- 

We prove this by induction on |{a^ : k < m and t = 1, 2} n k|. If it is zero this 
should be clear by the use of ultrafilters. If not, let (t, k) be such that a\,^K. and 
i -f 2fc maximal. 

Let /3 G [k,7*) be such that '\{a\}) = Easily (d^ : /3 G J) is indiscernible 

over Mx so without loss of generality {a^^li-^ : G {1, 2} and fc(l) < m} n J if|3 
disjoint to [k,/? -I- 1). But now note that replacing a\. by (5 does not change the 
truth value. So ffl2 hence ffli indeed holds.] 

Clearly ffli + ffl2 are nice but will say nothing if, e.g. each Si is empty. 

ffls the set S* k\ U {Si\i : i < Aa} is non-stationary. 



^^would be easier if we choose J with no first member 
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[Why? Toward contradiction assume S" is a stationary subset of k. For each 
S £ S and i < Aa we know S Si, hence there are ns^i = n{S,i) and formula 
(p5,i{xQ, . . . ,Xns,i-i;y5,i) e A and J| . . ■,d*s,i,n-i £ : 7 € [k,7*)} and bs,i S 

igim.) (^M^^^) such that € \= ^^sAds: • ■ • k^,n-lM,^] but fUxoJl^^i, rfl..„_i; e 
Av(£>i,U{d^ : 7 G [k, 5*)} + Mx,5). Only finitely many of the members of (i| j ^ mat- 
ter say ds^i A'"s,i,e,vs,i,i finite. 

Case 1 : Aa is finite 

Let Cs = Ll{Ra-ng{d*g.^ g\^s,t,i ■ £ < ns^i and i < Aa} U {Riing(b s,i,i)) : i < Ia} so 
it is finite. 

Also Cs C \j{dj : 7 e [k,7*)} U Afx <5 and Ujd-, : 7 G [k,7*)} has cardinality 
<\T\. 

Hence by Fodor lemma for some C* C Afx the set S' — {6 £ S : Cs — C^,} is 
a stationary subset of k. The number of possibilities for {{ng^i, ^sa))'^ {ds,i,i \vs,i,i ■ 
i < Aa,^ < n) is < |T| and the number of possible {bs^i '■ i < Aa) is finite so for 
some stationary S" C S" for every S G S" we have ns,i — n^:^i,ips,i — V*,i,vsit = 
v*,i,e,ds,i,e\vs,i,i = d^,,i^g,bs^i = b^^. 

Let 2> be an ultrafilter on k to which k and every club of k belong as well as S" . 

Let D' = {1 C ^(A/x.k): the set {a < k : e 1} belongs to clearly D' is 
an ultrafilter on ''(Mx.k). As tp(J, Mx,k) — U{tp((iQ, Afx.a) : a < n} clearly D' G 
uf(tp((ix, -Afx,/*)) or pedantically D' nDef(^(Mx)) G uf (tp(Jx, Afx,^)) hence we can 
find i < Aa such that ^iHDef a(Mx,k) = ^'nDef (Mx,k)- But this is a contradiction 
to {ds : 5 G S"} G ^ and the choice of ips^xo, dl ^ ^, . . . , rf*_i_„, .-i,b^^i). 

Case 2 : Aa is infinite. 

For a < K + 1 let M+„ be (Mx,a)[j], also E := {S < n : M^g -< M+^} is a club 
of K. For each S € E choose Ds G uf(tp((ix, Afx,(5)) and choose ds^n G for n < w 
such that ds^n realizes Av{Ds,U{ds^m ■ rn G (n,w) + Mx,^}. As T has bounded 
directionality for each ip — ^{xo, ■ ■ ■ ,Xn(ip)-i',y^p) G L(rT) and S G E there are 
formulas ips^y^, z^j) G L(tj^^+ ) and 0,^,5 G ^^'•^'^'^•'(Mx,^) such that 

for 6 G "(Mx,5) we have: £ |= (/^[Ja^o, • ■ • , d5,n-i,b] iff Mx,5 h i^vA^: ^vM- 
Note that if: ip{xo, . . . , a;„^_i; y) G A and m < then 

^5(^0, • ■ • , Sm-i; Sm' • ■ • ~Xn(^^)_i''y) G A. 

For transparency without loss of generality tt is countable, ( < lu let (A„ : n < 
uj) be C-increasing with union F^; and Aq = A and each A„ finite. For induction 
on n, for some stationary S'„ C S H E we have (5 G S'n A G An, => ■i/',^^ (y,^, ^(^,5) = 
'4'ip,*{yip, ^i^,*) and m < n =^ Sn Sm- Let be a uniform ultrafilter on k such that 
n < cli =^ S'„ G let (J*,„ : n < uj) realize Av(^*, {{ds^n : n < uj) : S £ S) , Afx)- 
Easily : n < w) is indiscernible over Afx, each d*_„ realizes tp(dx,Afx) and 

tp(rf*,n, U{(i*,m, m G (7i,a;)}-|-Afx) is finitely satisfiable in Mx, so it is based on some 
D G uf(tp((Jx,Mx)), so for some z < Aa we have AnDef^(Mx) DnDef^(Mx). 
We easily get a contradiction to the choice of S as disjoint to {Si\{i + 1)) and 

^1- Rnu 
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§ 7. Applications 

§ 7(A). The generic pair conjecture/On uniqueness of (K,cr)-limit models. 

We now return to the (k, cr)-limit model conjecture and generic pair conjecture 
for K. 

We siiall not deal with the first, only represent it. The second, the generic pair 
conjecture was solved in [Sh:900j for n > \T\ measurable. Here we solve it for 
K = K^" > \T\ + Dtj, it is the case ^ = 1 in Definition 17.11 

Note that even under GCH the picture is somewhat cumbersome when: k = 
X+ = 2^ > |r| + and x strong limit singular. It is natural to restrict ourselves 
to S^^ (see |Sh:108j 1. We may still like to deal with |T| < k < X. 

Presently, the proof is complete only for ^ = 1, i.e. the generic pair conjecture. 

Now we rephrase the conjecture; the use of 2^ = A+ (in addition to A = A^"**) is 
for transparency only as an equivalent version without it is absolute under forcing 
with Levy(A+,2-*'), see §1. 

Definition 7.1. 1) We say that T satisfies the uniqueness of limit models above /i 
when for any /i-complete forcing notion Q in and ^ < A we have {A) {B)^, 
see below. Omitting /i means ^ — \T\ + '3uj. 

2) For regular A > |T| and ordinal ^ < A we say that T satisfies the (A,^)-limit 
uniqueness when for every A-complete forcing notion Q such that V''^ ^ "A = 
A<-^ A 2^ = A+" clause (B)^ holds. 

3) We can add above "for the trivial Q" or other restrictions. Instead "for the 
trivial Q" we may say "presently" 

where 

(A) (a) A = A<^ and 2^ = A+ > ^ 

(b) density for vK® g holds for every 9 < X, see §5 

(c) (Mc : a < A'^) is a ^-increasing continuous chain of 

models of cardinality A with union M, a saturated model of 
cardinality A+ 

{B)^ for some club ^ of A+, if (a^^g : e < ^) is an increasing continuous 
sequence of ordinals from ^ for £ — 1,2 such that 
[e < ^ non-limit ^ ai^^ of cofinality A] then there is 
an isomorphism tt from Ma-^ ^ onto Ma^,^ mapping 
Mai^ onto Ma2^^ for every e < ^. 

We now translate the relevant questions represented in §0 to this definition. 

Observation 7.2. Assume T is dependent. 

0) If |T| < A = X"^^ , then T has (A, 0) -uniqueness (even for the trivial forcing). 

1) Assume |T| < A = A^'^ and 2^ = A+. Then T has (A, 1) -uniqueness, for trivial 
forcing iff T satisfies the generic pair conjecture iff in {B)i of \7.1\ above, if ai < 
Pi, 0:2 < h are all from and has cofinality A then {Mj3^,Mai) w (Af^2,Mc2)- 

2) Assume |T| < A = A<^ and 2^ = A+ and a = cf (cr) G [Ho,A]. Then T has 
uniqueness of {\,a)-model iff T has {X, a) -limit-uniqueness for the trivial forcing. 
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Theorem 7.3. T satisfies the generic pair conjecture for A when A = A^ > 

iTi+ + n+ 

Remark 7.4. This is closed to the proof from |Sh:900) as we could restrict ourselves 
to X with Mx = 0. 

Proof. By older works, we can assume T is dependent. Without loss of generality 
2^ = A+ by absoluteness, see [Sh:877| . 

So let {Ma : a < A+) be given, M = U{A/c : a < A^}. Let E be the set of limit 
(5 < A"*" such that: 

®s (a) for every a < 5 for some /3 S (a, 5) the model Mp is saturated 

(&) if a < /3 < 5, C < A, 62} ^ ''(-^0) and there is an automorphism 
g oi M such that g{Ma) = Ma,g{bi) = (&2) then there is such g mapping 
Ms onto itself. 

So 

(*)o (a) is a club of A+ 

(b) if a G has cofinality A then Ma is saturated. 

[Why? As M is saturated and A = A<^.] 

(*)i if a < A+ and Ala is saturated and mi,m2 G vK®;^^_^ satisfies Mmi — 
Ma = Mm2 and mi <i m2 and is from M then there is an auto- 

morphism g of M over mapping onto itself such that g(cmi "rfmi) = 

[Why? See uniqueness of Af[x] in 13. 101 see Definition I2.6f 6).] 

Fix ai < /32 , (22 < /32 , all from E and of cofinality A and we have to prove just 
that (M^j,Mqj) = (M^2,Mq2). Let AP be the set of triples (mi,m2) satisfying: 

(*)2 (a) mg G vH-xx and is complete 

(c) Cx[mf]"f?x[mf] ^ ^/3^ 

(d) g is an elementary mapping with domain Bx[mf] ~'~ ^x[m2] + 'ix[mi] 

(e) g maps mi onto m2. 

Let the two place relation <ap on AP be 

(*)3 {m.i,m.2, g) <ap (ni,n2,/i) iff both triples are from AP, and g Qh and 
mi <i ni, m2 <i n^. 

Now 

(*)4 AP ^ 0. 

[Why? Use m^ which is empty except = M^j, see 13.7( 3).] 

(*)5 if the sequence ((mi^e, m2,£, ge) : e < C) is <AP-increasing and C is a limit 
ordinal < A then this sequence has a <AP-lub, its union (mi.^, m2.^, g^^), 
i.e. 

(a) Xmj.c = U{Xmf ^ : £ < C} for ^ = 1, 2 
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(6) similarly for ipm,,^^ 
(c) similarly for rm<. ^ 
id) 9c = U{g, : £ < C}- 

[Why? SeeDl] 
The main point is 

(*)6 if (mi,m2,g) G AP and £ £ {liS} and A C M^^ has cardinality < A 
then for some (ni,n2,ft.) G AP which is <Ap-above (mi, 1112,5) have 

A C i?n£ + Crif + dm . 

[Why? By symmetry we can assume £ = 1. Now trivially we can find x G pK_;^ ^ 
such that <i x and A C Rang((Jx[mi])- By 15.201 there is n'l G rK®^ such 
that mi <i n'j^ and x <i x„/^. 

Let Ci = dx[mf] +Cx[m«] +5x[mf]- '^^'^^^l ^^^^ bv 13.101 the model (Af^JfCi] 
is (A, D£)-sequence homogeneous and moreover g induces a mapping from Di onto 
D2, because g maps mi to m2. So there is an isomorphism / from Mq^ onto 
such that / U 5 is an elementary mapping (of £), hence it can be extended 
to an automorphism /+ of M. Now (rii, /+(iii), /+ |"(i?ni + Cm + rfm)) is almost 
as required but /(cm'^m) is ^ M rather than C Mp^. But £ E hence the 
definition of E we can finish.] 

Now by (*)4 + (*)5 + (*)6 we can find a <ap -increasing sequence ((mi^^, m2,£, g^) ■ 
e < X) such that: for any Ai C Mp-^ , A2 C M^^ of cardinality < A for some e < A 
we have A^ C B^^ ^ + c^^ ^ + d^^ ^ for £ = 1,2. 

So g\ = U{(7e : e < A} is an isomorphism as required. '-173] 

Discussion 7.5. 1) So we know that T2 — Th.{Mag, Ma^) for every ao < cti of 
cofinality A from is a complete theory and does not depend in (ag, ai) and even 
on A. But we may like to understand it better, see Kaplan-Shelah |KpSh:946] . 
2) Still M[ao,ai] = (Mao, Mai) is close to being sequence-homogeneous. So this 
leads us to deal with dependent finite diagrams D. Because if we like to deal with 
(A, C)-uniqueness we have to look at {Mag, Ma-^) for any a G ^-^{Mx+). 

* * * 



§ 7(B). Criterion for saturativity. 

Claim 7.6. Assume a > fi ^ (2l^l)+ -1-^+. 
Then M is a-saturated iff 

(a) M is ^-saturated 

(b) if K £ [i-i, (j) and (aa : a < k) is an indiscernible sequence in M then for 
some a £ M the sequence : a < n)" (a) is indiscernible 

(a) if K £ [MjCt) is regular, (a^ : s £ Ii + I2) is an indiscernible sequence in M 
where Ii = (k, <), I2 ^ {a, >) for some a < k -\- 1 then for some a G M 
the sequence {os : s £ Ii)" (a)" {at '■ t E I2) is an indiscernible sequence. 
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Proof. The "only if ' implication is obvious. For the "if direction assume (a),(b),(c) 
and we prove that AI is K+-saturated by induction on k g [/i, a); clearly this suffices. 
By clause (a) of the assumption the model M is /z-saturated. So by the induction 
hypothesis M is K-saturated. Let A* C M be of cardinality G S{A^,) and we 
should prove that is realized in M. Let x G pK^ ^e^^ — I^L ^.x. = {d) where d 
realizes p*, Mx = M, — 0. 
Now 

ffli if m = 1, 1 = (flc : a < k) is an indiscernible sequence of m-tuples from M 
and Ac M have cardinality < k then the type Av{I,A) is realized in AI. 

[Why? Choose ba G AI ior a < k such that A C {ba : a < k} and let Aa ~ 
U{a^"(5^) : /3 < a} for a < K. Let {(fg{x,Ce) : e < k} list the type q = Av(l,A^) 
and for a e ™£ define e(a) as min{e < k: if e < k then £ ^ ^</5e[a, q]}. We try to 
choose , by induction on a < k such that 

(*) (a) a'^ realizes Pa Av(I, U{a^ : /? < a}) 

(b) if a is even then s{d') is minimal, i.e. e(a') < e{d") whenever 

a'^ realizes Av(I, U{a^ : /3 < a}) 

(c) if a is odd then £ \= ip[d'^, c^^a' 

We can choose satisfying clause (a) as is an m-type in AI of cardinality < n 
and M and is K-saturated. 

If a is even it follows trivially that we can satisfy clause (b), too. If a is odd, and 
sifl'a-i) = ^ then a'^_i is as required, i.e. so we are done proving ffli, so assume 
< K hence also Pa U {ip^(^a'^){x, c^^a' is well defined and being a subset 
of q it is an m-type in AI hence is realized in M, and any d'^ realizing it is O.K. 

Having carried the definition, clearly (da : a < k) is an indiscernible sequence; 
also by clause (b) of the theorem there is d'^ € ™M such that (a„ : a < k) is an 
indiscernible sequence. If aj!, realizes q we are done, if not choose e < k such that 
£ \= ->(^e[a^, Ce]. So for every even a < K,d'^ satisfies clause (a) hence e{d'^) < e. 
So for some C, < e the set {a < /t : a even and e(a^) = C} is infinite. But by 
+ (c) this is a contradiction to "(a^ : a < k) is an indiscernible sequence" 
from the beginning of the paragraph and "T is dependent". So ffli holds.] 

ffl2 if i? C A C M, \B\ < K,\A\ < K,m = 1 and p is an m-type over A which is 
finitely satisfiable in B, then p is realized in AI. 

[Why? Let D be an ultrafilter on ™B such that p C Av(L», A). Let (Aa : a < n) be 
C-increasing with union A such that \Aa\ < \a\. Choose da G "''AI by induction on 
a < K such that da realizes Av(£', {dp : /3 < a} U Aa U B). So I = (da : a < k) is 
an indiscernible sequence ( |Sh:cl I,§1] or see |Sh:7151 §1]) and p C Av(I, A), hence 
by ffli we are done proving ffl2.] 

©1 if K is singular, is realized in AI. 

[Why? Let (A* : e < cf(K)) be C-increasing with union A^, such that |^*| < k for 
e < K. As M is K-saturated for each e < k there is S M realizing p^,\Ag. Let 
B = {fle : e < cf(K)} and let D be an ultrafilter on B such that e < k ^ {a^ : ( € 
(e,cf(K)} S D. Clearly C Av{D,A^,) hence by ffl2 we are done.] 

©2 if K is regular, then p^ is realized in AI. 
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[Why? Let (A* : a < k) he C-increasing with union A* such that |A* | < k for 
a < K. Let m ~ (y, i/j, r, u) G vK®^ ^ be such that x <i y, exists by 15.201 We can 
choose {da,Ca) by induction on a < k such that it solves (m, U {dp'op : /3 < 
a} U -By ). By 13.141 the sequence {ca'da : a < k) is an indiscernible sequence oyer 

Let d'^ — da,o so I = (d^ : a < k) is an indiscernible sequence and d'^ realizes 
p* \Aa- Hence Ay(I, A*) is equal to p*. So by ffli we are done.] 

By ©1 + ©2 we are done. '-tTjB] 

Another result of interest is (compare with 16. 2p 

Conclusion 7.7. Assume yK^.p.e is dense and e < 9^ . 

If M is a K-saturated model then for any p G S'^(M) there is a n-complete filter 
on "^[Ml which is an ultrafilter when restricted to Defe(M), see Definition \1.19\ 
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§ 8. Concluding Remark 

Another relative of 14. 61 is 

Claim 8.1. 1) Assume ipn{x[Q^yn) is a formula for n < n^. If is a filter on I 
and at G ^£ for t E I , then there is such that 

(a) for some kif,S^ — {S^k '■ k < k^) is a partition of I 

(b) e ^+ 

(c) if £ < and b € ^3(yi)(r then for some truth value t and k < k^ we have 
{t e ^fe : £ h Maubf^'H = ^fe mod 

lA) Above we find S such that 

(a), (6) are as there and 

(c) ifbn £ ^9(Ve)(r Jqj. n < then for some k we have 

• for each n < n,, for some truth value t, the set {t G J?^ : £ |= 
(PniatXf^''^} is = S^k mod ^. 

2) Assume is a filter on Ii for ^ = 0, 1 and C C C^j^ C L(t2^) are finite and 
ae^t G for t e lej <2. Then we can find S^i £ Dj for £ < 2 such that for 
some q we have (V®"so G ^o)(V®isi G S^i)[q = tp^(ao,so "ai^s^ , C)] . 

3) Like part (2) for {{h, : £ < n*}. 

Proof. 1) We try to choose ni^bg, S^i by induction on ^ G N such that 

ffl (a) nt < n<t 

(b) &f has length £5(j/„J 

(c) .yi = {yr,-V & ^^^2) is a partition of / 

(d) G ^+ for ?7 G ''2 

(e) = {t G /: if fc < £g{r^) then £ h Vnja*, ^fcl'^^''^"""}. 

We stipulate = (J5^<>),^<> = /. 

If we succeed, we get a contradiction to "T is dependent" . Arriving to £, clearly 
J5^£_i has been defined, and if we cannot choose n^, bi are required, the conclusion 
of part (1) holds. 

lA) Similarly; e.g. without loss of generality ( is finite from a failure we get that 
for every k we can find A, \A\ < (S{^g(y„) : n < n,} x k, |Sj^^^„<„^j(A)| > 2^ 
contradiction to "T dependent" (see ??(b)). 

2) Let A = {^^(5[„(o)],y[m(i)],z„) : n < n^} and $ = {v3,\(x[™(o)] , 2/[m(i)], Cfc) : n < 
ni,,c £ ^9(^")C'), it is finite and clearly it suffices to deal with one pair ((/3^,c), as 
we can replace &i by + when y G &l and let ipl = X[™(o)], z„) = 

'Pi{yim{o)],y[rn{i)],Zn)- Wc apply part (1) with m{n),l,(pl, {at'c : t G here 
standing for (^n^^ipn, (at : t <E there and get S^i = {^i^k : k < k^,) as 

there. We define a funtion /i : /q ^> {0, . . . , fc* — 1}, by /i(s) = min{fc : (V^^i G 
7i)(/?^(ai^t, ao,s, c) or (V^^t G /i)(-iiy9^j(ai^t, oq^s, c))}. By the choice of o5^, this is a 
well defined function. Clearly for some k and t, the set y, :— {s G /i : h{s) = k 
and (V®!^ G Ii)[ipl{di^i,ao^s,cf^'^^} belongs to and let y = ^i^^, clearly we 
are done. ^- ^8A\ 

Here we look again at decomposition as in |Sh:900] . i.e. with Ux = 0- 
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Claim 8.2. Assume A — y), -k/?* (a;, y)}, m = £g{x) and m < lu and = 

ind(iy9»). For any A(C £) and p G S^{A) is consistent with r*(a;) and /i > Kq we 
can find the following objects: 

(A) (a) d G ™£ realizing p 

(b) ui < ind((/j(x,y)) 

(c) An C A has cardinality < /i /or n < ni 

(d) bnfi,bn,ie'siy)eforn<ni 

(e) £)„ is an ultrafilter on ^^'^^'^ (A„) 

{f){a) b.n^o'Ks realizes Av{Dn, {&fc,o,^fe,i : k < n} + A 

(P) if £ < n then bifl,bi hence realizes the same type over 
{bk,i :k<n,k^e,L<2} + A 

realizes the same type over A 

(g) pUr*^ is consistence where r'^{x) = {(p{x,be^i) = -^(p{x,befi) : £ < k} 

(h) d realizes the type from (g) 

(B) (a) if q ^ p has cardinality < fi then for some finite r C p we have 

r U r» h q 

(&) for some n2 depending on p only, we can demand 

\r\ = n2 so {r, U r : r C |r| = 712} is a ^-directed partial ordered 
by ri <r2<^ {r2 ^ ri). 

Remark 8.3. 1) This is a relative of a claim from jShiQOO] . We lose not fixing d a 
priori but can use e.g. finite A. 

2) We can chose Dn such that if _B 3 An and b'^'bi realizes Av(Z?„,_B) then 
tp(&o,^) = tp(&i,i3), moreover the two natural projections of Z?„ to an ultrafilter 
on ^3^y\An) are equivalent. 

3) If we are analyzing tp((i, A) and already have c as in decompositions, w can work 
in £g = (C, Ca)a<eg(c) and use cp' = ^{x^, c, y), A' — A and apply the claim. 

4) This may be used in §5. 

Proof. We try to choose (An, Dm bn,Oi ^n,i) by induction on n such that 

ffl clauses (c), (d), (e), (/)(a), (/3) of (A) of the assumption holds as well as (g) 
of (A), i.e. p U rn+i is consistent where rn+i is from clause (A)(g). 

Note that p U Tq is consistent by an assumption. 

Case 1 : We can carry the induction for n < md{ip). 

We get a contradiction to the definition of ind(— ) as in |Sh:900j . 

Case 2 : We are stuck in ni (i.e. cannot choose for rii) 

®i clause (B)(a) holds. 

Why? Toward contradiction, let q{x) C p{x) be of cardinality < /x be a counterex- 
ample so let q{x) — {ipa{x,ba) : a < /i*} where /i, = |(z(a;)|. 
For any finite r C p let 

•Wr = {a < : r{x) U r*^ Vf^ ''ipaix^baY' and r{x) U r*^ } 
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= G A*« : r(x) U r*^ U {</5;3(a;, 6/3), -'V'al^:) ^a)} is consistent}. 

Clearly 

(*)i ^ 0. 

[Why? Otherwise recalling r C p, r is as promised in (B) of the claim.] 
So ipa{x,ba) = (p*{x,bay^^^^"^ for some truth value t(a). 
Let ye = {yt,k ■ k < £g{y)). 
Let 

(*)2 r, - Mm,c) = VXy2,c) : V = ^{y,z) e L(tt) and c e ^9(^")(S{6„,, : n < 
ni,L < 2} + A)}. 

Now 

(*)3 for any finite F C F, let 

= {(Q^) /3) € /X* X /z* : {ba, bjj) realizes F and t(a) = t(/3)}. 

Now 

(*)4 if F C F* is finite then is an equivalence relation on /x* with < 2l'"l+^ 
equivalence class. 

[Why? By inspection.] 

(*)5 if r{x) C p{x) and F C F* are finite then n 7^ 0. 

[Why? As has < 2l'"l+^ equivalence classes, we can find a sequence {a{j) : 
j < 2l^l+^) of ordinals < /x* represent all the '^p^- equivalence classes. Let ri{x) = 
r{x)L){(pcejix,ba{j) ■ j < 2l^l+^} as q{x) C p{x), necessarily r-i{x) is a subset oip{x) 
and of course it is finite. So 7^ and choose /3 G and let j < 2''"' be such 
that aj,P are '2^p'"-equivalent. Recalling iy3*(x, G so in particular 

ri{x) U {</5*(x),6„(j))'f(i-*("(-')))} is consistent. 

Let d' realize it then the pairs (a(j), /?), (/?, a{j)) belongs to and at least one 
of them belongs to So (*)5 holds indeed.] 

(*)6 If ri,r2 C p{x) and Fi,F2 C F* are finite then %\ur^ n '^riur2 ^ ("^rl 

[Why? By inspection.] 
By (*)5 + (*)6 clearly 

(*)7 there is an ultrafilter on x n^, such that: 

if r(x) C p{x) is finite and F C F* is finite then n "W^ G 

(*)8 let t be such that {(«,/?) G /U* x /x* : t(a) = t(/3) is equal to t} belongs to 
D. 
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[Why well defined? As '^^ S by (*)7 and see (*)3.] 

Let &„i,oi^ni,i G ^3(y}(r such that &,ii,o"^tii,i realize Av(^„j, {ba^bp : (a,/3) £ 
^, X ^,), Sjfefc^t : k < ni and t < 2} + A). Clearly satisfies clause (A)(e). 

Let Am := U{Rang(&Q) : a < /^*} so clause (A)(i) holds. Now (&ni,o, ^ni+i) 
satisfies clauses (A)(d) and (A) (£)(«), (/3) and r*^^^ is well defined. 

Lastly, concerning clause (e), the set p{x) U r^^^+i is well defined and consistent 
because for any finite r{x) C p{x), for the ^„j-niajority of (a,/3) G /i* x ii^:,p{x) U 
r*^ U (a;, apy^^^\^(p^{x, da) is inconsistent, contradiction to D assump- 

tions. So indeed , i?^, 6ni,0j ^ni,i) are as required. 

Contradiction to the case assumption so really to "®i fail". So indeed ©i, i.e. 
clause {B){a) holds. 

©2 choose Jg "£ realizing ^(x) Ur*^_|_j so clauses (A)(a),(b) hold. 

[Why possible? As p{x) U f^^+i is consistent by the induction assumption, i.e. 
clause (A)(g), see above.] 

®3 clause (A) (f)(7) holds. 
©4 clause (B)(b) holds. 

[Why? Otherwise for every n there is Qn (x) C p{x) of cardinality < fj, for which in 
clause (B)(a) there is no r{x) C p{x) with n elements such that r(x)Ur*^ {x) h qn{x). 
Still there is a finite r„(a;) C p[x) such that r„(a;) U r^^{x) h (7„(x). Let q{x) — 
U{gn(x) : n G N}, by (B)(a) there is a finite r(x) C p(x) such that r(a;)Ur*^ h q{x); 
let n = \r{x)\ and we get a contradiction to the choice of qn{x). 

Together by ©1 — ©4 and the induction hypothesis ffl we are done. 

Claim 8.4. Assume A C {(ys : (ys = Lp(x\^jn^,y) G L(tt)} is finite and closed under 
negation (well we stipulate -^-np = i-p). Then lK^ holds. 

Proof. We may repeat the proof. Alternatively we can in |Sh:c[ Ch.II] manipulate 
A to one formula (ys,, i.e. let A = {ipe{x, ye) : £ < n^} and we can consider only A 
with at least two members. Let £g{ye) = kt, (V^ < n^){ke < ko) let 

ip*{x,yo''{zQ,zi,Z2, Z2n,+i) = A i^2n,+i ^ A /\ Z2n,+i ^1 ^ (pe{x , yo\ ki)) 

Kn, k<t 
A A (^2n. + l = 2„.+£ A A Z2n,+1^ Zk ^ ^^pt{x,yi\kt)) 
Kn, k<n,+l 

A( V Z2n,+1 Zi). 
i<2n,+l 

So 

(*)i for any c G ('=o+2n.+2)^ ^^^^ ^j^^ following cases occurs: 

(a) for some £ < and b<ic and truth value t we have (yfx)[(pf{x,c) = 
<^£(x,6)'f(*)] 

(b) {yx)(p{x,c) 

(c) (Vx)(-.(/?(S,c) 

(*)2 if 7^ ^1'^ < ^'^'^ ^ S ^9iv)t^ t a truth value then for some 
c C (Rang(5) U {ao,ai}) we have (ix)[ip^,{x,c) = (/^^(x, 6)'^^*^] 

(*)3 if ao / ai then for some co, ci G ^"*+^){ao, ai} we have £ ^ {\/x){(p{x, ci))A 
(Vx)(-.(/3(5,co)). 
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